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Bias considerations when identifying systems from noisy input-output data
— Extensions to general model structures

Torsten Soderstrom! and Umberto Soverini

Abstract— Standard identification methods give biased pa-
rameter estimates when recorded signals are corrupted by noise
on both input and output sides. In previous papers it has been
shown that the bias is significant in case the system is almost
non-identifiable. This situation is investigated here for some
general model structures.
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I. INTRODUCTION

In an errors-in-variables situation as described by (2)-(4)
below, special action has to be applied due to the presence of
input noise @(t), see [2]. All standard identification methods,
see for example [1], [7] yield biased (rather, non-consistent)
estimates when the measured input signal contains additional
noise. The bias can be considerable in case the system is
almost not identifiable.

The focus in this paper is to examine the obtained bias
when the presence of the input noise is neglected. A pre-
liminary study of the size of the bias was given in [5],
where it was assumed that the model structure is an output
error model with white output noise, and the prediction error
method (PEM) is used for identification. Subsequently, in
[4], [6] the analysis of the bias was studied in the case an
instrumental variable method is used for the identification.

The parameter bias b can, as for many other estimation
problems, be written as a sum of two terms,

where by is a systematic error and b, is a random component.
The term by will persist also when the number of data points,
N, grows without bound. In fact, it is natural to take by as
limy o b. The random error appear as soon as NN is finite,
and describes the dependence on the specific realization of
the data. The study in [5] as well as here concerns the
systematic error bs. The random part of the bias is for large
N of magnitude O(1/v/'N).

Should the bias term be analyzed by numerical simula-
tions, with finite N, one then also have to deal with the
effects of the random bias term b,. Moreover, the obtained
result will be specific for the chosen underlying system and
it would not be possible to draw any general conclusions that
are valid also for other systems.
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In [5] we studied the bias for dynamic models with white
output noise. Two specific features were highlighted. It was
shown that the influence of the noise on the input signal
is of order O(\2), where A2 is the input noise variance.
Another studied aspect is the influence of almost pole-zero
cancellations. If the smallest pole-zero separation is 9, then
the bias was shown to be O(1/¢) for small 4.

This paper considers again the study of [5], and extends
the results in different ways. First, the case of an output
error model with colored output noise is considered. Second,
we consider the case of an ARMAX model structure in this
regard, and make comparisons to the output error model.
Further material about this second aspect can be found in
[3].

The paper is organized as follows. The next section
contains the general background, and Section III reviews the
analysis for the output error model structure from [5]. The
output error model structure with colored output noise is
treated in Section IV, while Section V contains a discussion
for the use of ARMAX model structures. In Section VI
the theoretical results are illustrated by some numerical
examples. Finally, some conclusions are provided in Section
VIL

II. PROBLEM FORMULATION

This section summarizes the general problem setup, con-
sidered here as well as in [5], [6].

Assume that the system under consideration is linear and
single input-single output. Measurements of both input and
output are assumed to be noisy:

y(t) Go(q)uo(t) + Ho(q)e(t) , 2
u(t) = wuo(t)+au(t) , 3)
up(t) = F(qv(t) . 4)

Here wug(t) denotes the noise-free input signal, while w(t)
is the noise-corrupted input and y(¢) is the noise-corrupted
output. Note that as (2)-(4) refers to an errors-in-variables
situation, cf [2], the user cannot design nor influence ug(¢).
Further, the transfer functions Gy(q), Ho(gq) and F(q) are
all assumed to be rational functions of the shift operator gq.
To simplify expressions in the following the argument ¢ will
often be dropped.

The input noise 4(t) is assumed to be white with variance
A2. Further, e(t) is assumed to be white noise with variance
A2, and v(t) is assumed to be white noise with variance
A2. The output noise is therefore an ARMA process and

Information Engineering, University of Bologna, Bologna, Italy,
umberto.soverini@unibo.it it is white only in the special case Hy(q) = 1. Note that
Copyright ©2024 EUCA 3557



the output noise Hy(q)e(t) consists of both process noise
affecting the system as well as measurement noise. The
equation (4) means that the noise-free input ug(¢) is an
ARMA process. As I’ (and its order) is arbitrary, (4) is
a fairly general description of a stationary process. The
variances A2, \? and A2 are all assumed to be unknown.
It is also assumed that the signals e(t), v(¢) and @(t)
are independent. This means in particular that open loop
operation is assumed. In case feedback would be present,
uo(t) would include (through the feedback) also a term that
depends on the output, and thus on e(t). See [2], [8] for
details.

Next the model description will be specified. Assume that
a model of the form

y(t) = Gg)u(t) + H(g)e(?) (5)

is to be fitted to the recorded input-output data. Here G(q) =
G(q,0) and H(q) = H(q,0) are parameterized with a vector
f. The dependence on 6 is mostly not spelled out in what
follows.

Assume that the parameterization is such that there is a
unique value 6, that makes

G(q,0.) = Go(q), H(q,0.) = Ho(q) - (6)

This is a form of identifiability assumption.

Let the estimate (in the asymptotic case when the number
of data points N — o0) be denoted by 6. The bias of the
estimate is then
6=0-0, . (7)
III. REVIEW OF BIAS DUE TO ALMOST

NON-IDENTIFIABILITY

The results in this section are taken from [5].

Assume that identification is made using the prediction
error method (PEM) applied to the data. In the case of
no input noise present it is well-known that PEM gives
consistent and statistically efficient parameter estimates, [1],
[7].

Use of the PEM means that the parameter estimate can be
written as

0 = argngnV(H), 8)

V(o) = %E{EZ(t,G)}. ©)

The expectation in (9), and in what follows, is with respect to
all noise sources: e(t), @(t), v(t). In (9) the prediction error
e(t,0) can be found directly from (5), leading to

e(t) = H(q) " [y(t) — G(q)u(t)] .

An approximate way to express the bias 6 is as follows.
Let ¢ denote the minimum point of V'(#), and assume that
the bias 6 is small. Then using a linearization

0=V;(0) ~ V§(6.) + Vis(6.)(6 — 6.) ,

(10)

Y

leads to

6~ — [Va(0.)] " V5 (0.) - (12)

It was shown in [5] that (12) is indeed often a good
approximation of the bias 6. Further, 6 will be large when the
inverse [V)(6.)] " is large, which occurs when the Hessian
Vyy(6,) is almost singular. This happens when the system is
(almost) not identifiable. Such a situation can happen in two
different ways:

o (Almost) overparameterization. This will show up in
that some polynomials of the model have (almost) a
common factor.

o The noise-free input ug is (almost) not persistently
exciting of enough order.

For most model structures, the loss function (9) is not
convex, [7]. It is assumed here that the global minimum is
obtained, so the linearization in (11) is around the true value
0.

In the following we will assume that the noise-free input
is persistently exciting and we will examine only the first
aspect. Next we recall from [5] some more explicit results for
the case of an output error model structure with white output
noise. This case is characterized by the following equations

y(t) = w@®+at), E{FO}=X;, (13)
u(t) = wo(t)+a(t), E{a*(t)} =X, (14)
Ayo(t) = Bup(t), (15)
A = 1+aq +.. . +an,qg™, (16)
B = big '+ 4byqg ™. A7)

The equation (15) refers to the model to be fitted. The true
data (’the system’) is assumed to also fulfill (15), but the
polynomials are then denoted Ay, By. Compared to (2) it
here holds that Hy = 1, i.e. the output noise is assumed to
be white.

At first, it is necessary to recall the following result.
Consider two generic polynomials

A:
B:

apz™ + a1z 4+ G,

boz™ + blznb_l + ...+ bnb .

(18)
19)

Then the associated Sylvester matrix is the square matrix of
dimension (ng + np) X (ng + np) given by

bo b1 ... bnb 0
B bo by ... bn,
sAB =l ; (20)
0
Qo aq e Qp

a

The properties of Sylvester matrices have been investigated
in many sources. Some basic properties are, for example,
reviewed in [7].

Starting from (12), in [5] the following result was proved,
that gives an approximation of the expected bias:

B == (Vao(0.)

1
VG/(Q*) = SiT(—Ao, Bo)PL;ul’l”Q .
2L
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where

P,, = E{pu(t)en(t)} (22)
. u(t —1)
ult) = Vel : (23)
u(t —ng — np)
o= E{patpalo)} (24)

We remark that the ’input filter’ F' effects the bias through
the term P, .

A somewhat cruder approximation of the bias, labeled (5
in this paper, is obtained by using only the noise-free part
of the input in (22). Specifically, then substitute P, in (21)
by Py, . where ¢, (t) denotes the noise-free part of ¢ (t).

When the system has almost a pole-zero cancellation, the
matrix inverse S~7(— Ay, By) will have large elements. To
be specific, let the system have poles p;,i = 1,...,n, and
zeros 25,75 = 1,...,ny. Then set
(25)

§ = min |p; — 25| ,
2,]

which is a measure of the pole-zero separation. It was shown
in [5] that for small values of § the determinant of the
Sylvester matrix is proportional to §. The inverse of the
Sylvester matrix will therefore generally have elements of
the order O(1/9).

A related study appears in [6]. There the focus was to
investigate some strategies in order to reduce the large bias
in the system parameter estimates, in presence of small pole-
zero separation. In particular, two possible solutions were
proposed. The first one makes use of a reduced model struc-
ture, the second employs a full errors-in-variables model.

IV. A GENERAL LINEAR MODEL STRUCTURE

Consider in this section the general linear model structure
(5), where G and H are assumed to be rational functions
with independent parameters. One may thus regard this case
as an output error structure with colored noise.

Specifically, assume

B(q) big 4. by, g™
G = = L , (26
(@) Alq) 14+aqgt+...4+an,q " (26)
Clq) l1+4cigt+...+cu g™
H = = = .27
(9) D(q) 1+digt+...+dp,q @7
Then the prediction error becomes
) = 2|yt - Zuw (28)
e(t, = &Y 7Y
D [Byg Co
o |l + et~ 5 (w0 + ),

Its gradient fulfills

Oe _ DBg'
Da; t) = Wu(t) ) (30)
Oe B Dq~*
Oe _ Dq' B
I CURE-UC) Y
Oe g B
0 = = (0-Fun) . o
This leads to
S(=A,B)pi(t)
ep(t) = ) (34)
S(C,=D)pa(t)
where
D a
pi(t) = 20 : u(t) , (35)
q—na—nb
—1
1 q
pa(t) = toz} : (y(t)—A (t)) -(36)
q—nc—nd
When evaluating Vof(H*) and Ve/é(G*) one then gets
' _ S(—Ag, Bo)r1
%(9*) - ( S(OOa*DO)"Q ) ’ (37)
u(t — 1
- _E @~()D0 u<~ )
T Ag ARG | ’
Ut —ng — np)
(38)
. ) e(t—1)
_ =0 _
ro = E Doe(t) CoDs ,(39)
e(t —ne — nq)
i - Vii 0
Vit = S(—Ao,Bo)P,, ST (Ao, By), (41)
Voo = S(Co,—Do)P,,8"(Co,—Dy) . (42)

Similar to (21) the approximated bias 3; can now be written

as
61 B ( S_T(—Ao,Bo)PgllTl >

S_T(Co, —Do)PL;leQ “3)

The somewhat cruder approximation [, of the bias is
obtained by using only the noise-free part of the input when
forming P,, and P_,.

Some observations

o As V,,(0,) is block diagonal, the estimates of A and
B are (asymptotically) uncorrelated with the estimates
of C' and D.



o If Ay and By have almost a pole-zero cancellation, then
the estimates of A and B are quite uncertain, just as in
the output error case treated in [5].

e Similarly, if Cy and Dy show almost a pole-zero
cancellation, then the estimates of C' and D are quite
uncertain.

V. THE ARMAX MODEL STRUCTURE

Consider now an ARMAX model. This means that the
parameterization is such that G and H in (5) have the same
denominator.

This case is characterized by the following equations

y(t) = wo(t) +C/Ae(t), E{(t)} =22, (44)
u(t) = wo(t)+a(t), E{a*(t)} =, (45)
Yo(t) = BJAue(t) , (46)
A = 1+aq¢ +.. . +anqg ™, (47)
B = big '+ +by,q ™, (48)
Cc = 1—|—clq_1—i—...—i—cncq_”C . (49)

Assuming that the unperturbed input signal wg(t) is
persistently exciting, the model is non-identifiable precisely
when all the three polynomials A, B,C have a common
factor. This corresponds to the case of over-parameterization.

Example. Assume that the true data corresponds to the
transfer functions

B1 Cl

G=—, H=—. 50

A, D, (50

This leads quickly to the following ARMAX model polyno-
mials

A:AlDl, B:BlDl, C:ClAl . (51)

In case the two transfer functions G and H have some joint

poles, this means that the polynomials A; and D; are not

coprime. In fact, the characteristic polynomial formed from

these joint poles will be a joint factor of A, B,C. &

The asymptotic error criterion can still be written as in
(9), but now the error (in fact, the one-step ahead prediction
error) should instead of (10) be written as

“10) = Dy(t) - Dul)
= 2R R )+ 55260 - pal)

Needless to say, (52) leads to various changes in the expres-
sion for the gradient of e(¢) with respect to the parameters.
In this case the parameter vector 6 is given by

9:(@1 coe Gp, b1 .. by, a1 ... cp T.
(53)

The derivatives of the polynomials with respect to 6 can be
written as

Ay = (a' o a7 Oixping ), (54
Bg) = ( Oana q—l q—nb Oanc ) , (55)
Co = (Otxuatny) 475 oo @™ ). (56

When evaluating the gradient ej(¢,6.) one gets in an
intermediate step

By CoAy Cy
_G <_BOA9 Ba)
Ap A2 Ay
B Co Bo
Using this result in (10) leads to
_ Ao Bo_, . By _
e(t,0.) = e(t) Fofou(t) = e() o u(t),(58)
—ByAg + Ao By
et 0,) = ———2L0 070, (¢
b(t.6) ()
—CoBy + BoCy .
—CoAy + ApCy
————¢(t) . 59
e, W %)

The gradient of V' in (12) becomes

vi0.) = —e{ | B | Z0Bt BoCogip| L
Co Cs
(60)
while the Hessian will be
—BoAy + Ao By
+cov {_COB‘)";BUC"Q@}
Co
—CoAg + AgCy
+cov {Aocoe(t)] ()

A further simplification is possible using Sylvester matri-
ces. For example, consider the expression
—CoBg + ByCy
P1(t) = %u(t) : (62)
0

It follows from (55) and (56) that ¢;(t) is an 1 X (ng +np +
n.) vector, with the first n,, elements being zero. The vector

composed of the elements n, +1,...,n, + np + ne can be
written as
1
( —Coq™* Byg™* Bog™" ) @U(t)
0
1 77 —Np—Ne¢c gy
- @ (g ta(t) g™ mea(t) ) 8T(—Co, Bo) -

(63)

Recall that the approximate bias term (3; was defined as
the right hand side of (12). The Hessian Vjy(6,) consists of
various covariance elements of the filtered input u(t). The
cruder approximation S35 is obtained by substituting u(t) by
the noise-free part ug(¢) in all these covariance elements.
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Fig. 1. Parameter biases versus ¢, for the output error model. The true
biases (3¢) are shown with solid, green lines. The approximate biases (1),
see (21), are shown with dashed, red lines. The cruder approximate biases
(B2) are shown with dash-dotted, blue lines. The circles show the empirical
biases obtained by the Monte Carlo simulations from 100 realizations of
length 1000. The value of the input noise variance was A2 = 0.1.

VI. NUMERICAL EXAMPLES

As a background, and for comparison purposes, we first
repeat an example from [5].

A. Use of an output error model

To illustrate the above results in more detail consider a
simple numerical example with n, = 1,n, = 2 and where
up(t) is an AR(1) process,

uo(t) = Fut), F=(1-09¢"""", E{*®)}=1.
(64)
The other parameters in the numerical example are

a1 =-08, A2=10, b =2. (65)

In the numerical study the input noise variance A2 was
varied. So was also the coefficient by = 2(—0.8 — §). Note
that the value 6 = 0 corresponds to Ay and By having a
common zero, and where identifiability is lost.

In the numerical study the approximate bias expressions 31
and 2 were computed. They are compared to the “true’ bias
B¢, which was computed by minimizing the loss function
(9). The results were also compared numerically to some
Monte Carlo simulations, where the output error identifica-
tion method was applied to a number of realizations. 100
input-output realizations, each of length 1000 were used.

In Figure 1 the parameter biases versus the parameter §
are displayed.

B. Use of an ARMAX model

Consider the same example and data as examined for the
output error case in Section VI-A. Note that the output error
model corresponds to the ARMAX model with the constraint
C = A. Expressed differently, for the example studied here,
it holds for the true data A = 1 — 0.8¢~! = C, while

bias of a, bias of b1

0.4
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le
o r (&)

e
Qa2 - o u—
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-0.2 -0.1 0 0.1 02
) [

Fig. 2. Parameter biases versus J, for the ARMAX model. The true biases
(B¢) are shown with solid, green lines. The approximate biases (81) are
shown with dashed, red lines. The cruder approximate biases (82) are shown
with dash-dotted, blue lines. The circles show the empirical biases obtained
by the Monte Carlo simulations from 100 realizations of length 1000. The
value of the input noise variance was A2 = 0.1.
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Fig. 3. Parameter biases versus /\12“ for the ARMAX model. The true
biases (3¢) are shown with solid, green lines. The approximate biases (31)
are shown with dashed, red lines. The cruder approximate biases (32) are
shown with dash-dotted, blue lines. The circles show the empirical biases
obtained by the Monte Carlo simulations from 100 realizations of length
1000. The value of the parameter § is § = 0.1.

B=2(1—-(0.844)g™'). We estimate though the dynamics
with an ARMAX model (thus not exploiting that A = C' in
the estimation).

The numerical investigations are displayed in Figures 2
and 3.

Some observations
e The OE and ARMAX models have mostly similar
qualitative properties.
e The ARMAX models seem to be more robust than the
OE models, in the sense that no problems with false
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local minima were observed.
« The Monte Carlo simulations give mostly similar results
to those predicted by theory.

C. Further considerations for an ARMAX model

The parameter bias when using a PEM for an ARMAX
model was further considered in the technical report [3].
When a prediction error method is used with either an output
error model or a model with independent parameters for the
transfer functions G and H, then a small pole-zero separation
J leads to a parameter bias of order O(1/4). The examples
presented in [3] shows that this behavior does not extend to
the ARMAX case. These examples are summarized here.

Consider a first order system with n, = 1, ny =2, n. =
1. The bias for four different cases will be presented.

Case 1. Let B and C have a joint zero. The parameters
are chosen as

a=—-08+6, by=1, by=-08, c=-08. (66)

Let the noise-free input be white noise of zero mean and
variance o2. The variances are chosen as

o?=1, M =1, M =1. (67)

The obtained results are:
e The biases of a and ¢ are zero.
o The bias of b; is 0.5 and that of b, is —0.4, independent
of the value of 4.
Case 2. Consider the same system and parameters as in
Case 1, with the modification that the noise-free input is no
longer white noise, but a first order regression

up(t)+fuo(t—1) = v(t), E{o*(t)} =0*=1, f=-09.

(68)

The obtained results differ drastically from Case 1:

o The bias of a, b and ¢ behave as O(1/4).

o The bias of b; varies very slowly with 4.

Case 3. Next modify the original example slightly in
another way. Force A and B to have a joint zero. The noise-
free input is still assumed to be white noise. The parameters
for this example are thus

a=-08, by=1 by=-08, c=-08+5. (69)

Let the noise-free input be white of zero mean and variance
o =1.

The obtained results are:

o The biases of a and ¢ behave as O(9).

o The biases of b; and by vary very slowly with 4.

Case 4. Modify the original example slightly in still
another way. Force A and C' to have a joint zero. The noise-
free input is still assumed to be white noise. The parameters
for this example are thus

a=-08, by=1 by=-08+03 c=-08. (70)

Let the noise-free input be white of zero mean and variance
0% =1.
The obtained results are:

o The bias terms |a| and |¢| are both O(9).

o The bias term |by| does not vary with 4. It is equal to
0.5.

o The bias term |by| varies very slowly with ¢. For small
values of ¢ it is equal to —0.4.

A general conclusion from the four cases in this subsection
is that

For an ARMAX model the behavior of the bias
as a function of the pole-zero separation ¢ is
quite different in the 4 cases, despite the fact
that the examples themselves differ only by slightly
modifying the system parameters.

VII. CONCLUSIONS

When standard identification methods are applied to noise-
corrupted input-output data, biased parameter estimates occur
due to the presence of input noise. It has been assumed that a
standard prediction error method is applied. When the system
is close to be not identifiable due to an almost pole-zero
cancellation, the bias will be large. It was shown that the bias
is O(1/9) where ¢ is the pole-zero separation. This result
applies for the pole-zero separation of the system transfer
function as well as for the noise-shaping filter. Further, a
comparison between using the output error model structure
or an ARMAX model was performed. On the contrary to the
general linear model case in Section IV, there is no general
result in the ARMAX case that the bias is always O(1/0)
for a small pole-zero separation §.
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