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Switching £, gain for evaluating the fluctuations around
an output of a specified transfer property*

Koichi Suyama' and Noboru Sebe?

Abstract— In this paper, we introduce the difference structure
to pre- and post-switch systems, to propose a new switching
L2 gain for evaluating the fluctuations around an output of a
specified transfer property after a system switch. Moreover,
we apply it to the initial state design of a newly-activated
controller designed by model matching to establish its potential
practicality as a design index.

I. INTRODUCTION

A control system switch is not a rare event. A typical
example is a controller switch from an existing one to a
more desirable one has been widely performed for letting a
control system adjust to a failure in a control device, such
as an actuator. It is so-called ‘“active fault-tolerance.” Here,
it is needless to say that we should reduce the undesirable
effects of a system switch. Concretely speaking, we should
suppress the fluctuations in transient responses caused by a
switch.

Many studies have addressed the issue of evaluating the
magnitude of the fluctuations in transient responses caused
by a system switch by using bumpless transfer [1] and other
concepts. In [2], a theoretical procedure for evaluating the
effects of a system switch by using the Lo gain of a Hankel-
like operator was proposed. In [3], the Lo performance was
first discussed as an important property over a long time
interval including successive system switches. In [4], the
performance was formulated as a switching Lo gain with
doubly infinite time support for a single and unpredictable
switch. In [5], a switching £, gain based only on transient
responses after a switch was proposed, whose value is
not affected by the output before a switch. By using the
switching £ gain, we can evaluate the magnitude of the
fluctuations in transient responses in the output. In [6], it
was extended to a switching Lo gain for evaluating the
smoothness of transient responses after a system switch by
including the evaluation of their differential.

There are many cases where the shape of transient re-
sponses, as well as the magnitude of their fluctuations, is
important. For example, in [7], as a support technology for
safely performing preventive maintenance of LTI control
systems, a safe shutdown process for a maintenance-object
subsystem was proposed. The proposed process is based on
the “fail-soft” concept that the subsystem gradually makes
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its way toward a complete stoppage and the overall control
system is lead to a safe situation by using the remaining
function in the overall system including the subsystem. The
safety of such operating-state transitions can be guaranteed
by suppressing the magnitude of the fluctuations in transient
responses. In addition, by suppressing the difference with a
desirable trajectory, we can improve the safety of the tran-
sitions. However, no studies have addressed the evaluation
of the fluctuations in transient responses around a specified
trajectory.

In this paper, we introduce the difference structure to pre-
and post-switch systems to propose a new switching Lo gain
for evaluating the fluctuations around an output of a specified
transfer property after a system switch. Moreover, we applied
it to the initial state design of a newly-activated controller
designed by model matching to establish its potential prac-
ticality as a design index.

As the structure of pre- and post-switch systems, we
consider the difference between a specified and fixed transfer
property and a switched transfer property. Here, an output
of the specified and fixed transfer property has a desirable
shape. That is, we indirectly consider it as a desirable trajec-
tory. Then, by considering the switching £, gain presented
in [5], we propose a new switching Lo gain for evaluating
the fluctuations around an output of the specified transfer
property after a system switch.

For example, a practical technique for reducing the un-
desirable effect of a controller switch is to appropriately
initialize a newly-activated controller. In [1], [8], [9], [10],
and [11], the initial state was obtained by making the output
after a controller switch close to the virtual output in the case
where the switch does not occur. In [12] and [13], the initial
state was obtained by minimizing the £o norm of the error
between the output and reference signal. In [5], a switching
Lo gain was minimized for obtaining the optimal switching
matrix that determines the initial state of a newly-activated
controller. In these preceding studies, the initial state of a
newly-activated controller was designed for suppressing the
magnitude of the fluctuations in transient responses after a
controller switch.

Conversely, in this paper, by minimizing the proposed
switching Lo gain, we can find the optimal switching matrix
for suppressing the fluctuations of transient responses around
an output of the specified transfer property as a desirable
trajectory after the controller switch. That is, the proposed
switching Lo gain provides a new viewpoint, the desirable
shape of transient responses after a system switch, to the
research area of the initial state design.

3299



Notations. I : an identity matrix of appropriate dimensions,
O: a zero matrix of appropriate dimensions, A >~ B: a
square Hermitian matrix A — B is positive definite, 5(M):
the maximum singular value of a matrix M, |G|« : the
Hoo norm of a transfer function matrix G, L3(a,b): the
Lebesgue space of all square-integrable and vector-valued
functions defined on an interval (a,b), i.e., Lo(a,b) =
{2(t) [ |z(t)]|2 4,0y < 00 }, where [|z(t)||2(a, s denotes the
Lo norm.

II. SWITCHING L9 GAIN AROUND A SPECIFIED TRANSFER
PROPERTY

A. Switch to be analyzed

Suppose that a linear time-invariant (LTI) system switches
to another LTI system with a state transition at a switching
time t = .

1) Pre-switch system: The pre-switch syatem H,, is shown
as Fig.1(a). Here, G, is a specified and fixed transfer
property described by

Iel . jfrcf(t) = Arcfxrcf(t) + Brcfw(t) (1)
e yref(t) = Crefxref(t) + Drefw(t)~
On the other hand, GG, described by
g (1) = Ay xy (1) + By w(t)
G, : Igp( 9p““9p 9p t <t 2
P {y(t) = Cgpxgp (t) + Dgpw(t)a st @

is switched to Gy at the switching time ¢ = ¢y. Then, defining

(1) = { gl ] t<to, )

we can describe the overall pre-switch system ), as follows:

. 'pr(t) = prp(t) + Bpw(t)
m“{dw=@%w+wa» Pt @
where
_ Aref 0 _ Bref
w50 w5

Cp = [ —Cref qu } ) Dp = —Dyer + Dgp~ %)
Strictly speaking, the output equation in (4) is not necessary,
because we focus only on transient responses after a switch
in this paper. We assume that A, is stable, (A4,,B,) is

controllable, and (C,, A,) is observable.

Yref Yref

G ref Grcf
- z w ’_' - z
—>
+ L +
Gp Gf

Hy Hy
(a) (b)

| S

Fig. 1. (a) Pre- and (b) post-switch systems.

2) Post-switch system: The pre-switch syatem Hj is
shown as Fig. 1(b). Here, G; is described by

G- igf (t) = Agfng (t) + Bgfw(t) t>1t0. (6
fﬁw@ﬂwwmww > o (©
Then, defining
| et ()
J?f(t) - |: ng (t) :| ) t> th (7)

we can describe the overall pre-switch system I, as follows:

Jar(t) = Agayp(t) + Bpw(t)
H“{4w=@wm+wax t=to )
where
_ Aref O _ B ref
=5, m= ]

Cf = [ _Cref Cgf :I 3 Df = _Dref + Dgf~ (9)
We assume that Ay is stable, (Af, By) is controllable, and
(Cy, Ay) is observable.
3) State transition at the switching time: Suppose that the
following state transition occurs at the switching time ¢ = ¢¢:
Ty, (tor) = Soxg, (to), (10
where t = tp4 denotes an infinitesimal time increment of
t = ty, and Sy is a real constant switching matrix. Then,

wy(tos) = Swy(to), (11)
where
I O
5= { LY ] (12)

B. Definition

In [5], the following switching Lo gain was proposed
for analyzing the fluctuations in transient responses after an
unpredictable system switch:

z(t s
. [EGIS T
w(t)eLa(~o0, 000\ (0} WD)z (o0, o0)

Although this definition includes the switching time tg, it
does not affect the value of 4;,, which depends on the fixed
transfer property Gef, pre-switch part G, post-switch part
G, and switching matrix Sy, as shown in [5]. That is,

ﬁ/tr :'s’tr(GrefaGvaﬁSO) :'%r(Hp»vaS)- (14)
By using this switching Lo gain, we can evaluate the
fluctuations in transient responses after the system switch
around an output y,.¢ of the specified transfer property Ges.
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C. Lo gain condition

1) Equation-based Lo gain condition: The following the-
orem that presents an equation-based Lo gain condition. It
implies that the switching time does not affect the value of
the augmented switching Lo gain.

Theorem 2.1: For a given v > 0, the switching Lo gain
A¢r in (14) satisfies 4y, < v if and only if the following
conditions are satisfied.

(a) It holds that 5(Dy) < 7.
(b) There exists the stabilizing solution Xy > O to the
Riccati equation

XfAf +A}FXf +C;chf
+ (XyBy+C{Dy)(v*1 — DfDy)~"
x (XfBy+CiDp)"' =0. (15
(c) It holds that

X, —STXs5 -0, (16)
where X, > O is the unique solution to the Lyapunov
equation:

ApX, + XAl + B,B) = 0. (17)

In (b), using the stabilizing solution X, we have that
Ay + ByKjy is stable, where
Ky =(I-D;Dy)""(XyB;+CyDy)*.  (18)
In (c), there exists the unique solution X, > O to the
Lyapunov equation (17), because A, is stable and (A4,, Bp)
is controllable. Thus, there also exists Xp_ Ls O. Proof:
Using the relationship (14) and Theorem 3.1 in [5], we can
prove this theorem. O
An input providing the switching Lo gain 44, can be de-
scribed explicitly in the following corollary to Theorem 2.1.
Corollary 2.2: Suppose that for a given v > 0, Conditions
(a) and (b) in Theorem 2.1 are satisfied, and the matrix
X, ' — ST XS is positive semidefinite with a zero eigen-
value. Then, the switching £o gain 4t in (14) is given by
Aty = 7y. Furthermore, the input providing the value of 4, is
given by

t<to

. BT =45 (t=to) x 1,
t) = P ) 19
(1) { Sy a9

Kfe(Af+Bfo) (f—to)sv,

where v is an eigenvector v corresponding to the zero
eigenvalue.

Proof: See the proof of Corollary 3.1 in [5]. O

2) LMI-based Lo gain condition: The gain condition
using LMIs in the following theorem has the advantage that
we can compute more efficiently the value of the switching
Ly gain 4y, in (14). It also implies that the switching time
does not affect the value of the switching £, gain 4;,. We
will use it for designing the switching matrix for obtaining
the initial state of a newly-activated controller in Section III.

Theorem 2.3: For a given v > 0, the switching £, gain
Yor in (14) satisfies 4¢, <~y if and only if there exist X, = O
and X > O satisfying the following conditions:

[ X, A, + ATX, X,B,
Z @) 20
L BE Xp -1 B =0
_XfA}F-Q-Afo Bf XfCJ?
B} -~ D} | <0 (1)
L Cfo Df —7]
(X, ST
= | > 0. 22
L S Xy } .
Proof: Using the relationship (14) and Proposition 5.2
in [5], we can prove this theorem. O
Consider the H ., norm of the post-switch system:
Vs = Hlloo- (23)

Then, we have the following corollary from Theorem 2.3.
Corollary 2.4: The switching Lo gain 4y, in (14) satisfies

s < A (24)
Proof: For a given v > 0, vy < v if and only if there
exists X > O satisfying (21). O

III. INITIAL STATE DESIGN OF A NEWLY-ACTIVATED
CONTROLLER DESIGNED BY MODEL MATCHING

A. Problem statement

1) Situation: Consider the pre- and post-switch systems
as shown in Fig.2. In the both systems, P is the plant, and
Glrer 1s the model-matching target. Then, the model matching
performance is evaluated by || Hp| o and ||H||oc.

Consider the situation where due to the failure in a control
device, change in the surrounding circumstances, and so on,
the plant P varied from a previous property to the current
property. We suppose that the pre-switch controller K, is
designed for the previous property of P, thus the model
matching performance deteriorated. Therefore, we should the
controller to Ky designed for the current property, which can
achieve a more desirable performance. For example, we can
obtain Ky via the optimization

minimize ||H¢| oo- (25)

Ky
Due to (24), the optimization (25) is important for the initial
state design by using ;.

2) Pre-switch system: In Fig.2(a), let @yef(t), Tplant (),
Ting(t), and xy,(t) denote the state-variable vectors of the
model-matching target Gef, integrators, plant P, and pre-
switch controller K, respectively. Then, by using

Tref (t)
Tplant (t)
Tint (t) ’
Tk, (t)
for the given Gef, P, and K, we can obtain the following
description of the pre-switch system:
H. - p(t) = Apxy(t) + Bpw(?)
P a(t) = Cpap(t) + Dpw(t),

(26)

l'p(t) = t S tOv

t<tyg. (27)
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Fig. 2. (a) Pre- and (b) post-switch systems for model matching.

3) Post-switch system: In Fig.2(b), let Zrer(t), Tplant(£),
Tint(t), and xy,(t) denote the state-variable vectors of the
model-matching target G,¢f, integrators, plant P, and post-
switch controller K¢, respectively. Then, by using

xref(t)

Tplant (t)
Lint (t) ’
Ty (t)

for the given Gicf, P, and Ky, we can obtain the following
description of the post-switch system:

fap(t) = Apag(t) + Bruw(t)
Hy: {z(t) = Cyray(t) + Dyw(t),

zp(t) = t > to, (28)

t>t9. (29)

4) State transition at the switching time: Suppose that the
following state transition occurs at the switching time ¢ = #¢:

Tplant (tO)
Tint (to) )
xy, (to)

Ty, (to+) = Sk (30)

where S is a real constant switching matrix. This is the
initial state of the newly-activated controller K. Then, as
the transition of the overall state-variable vectors of the pre-
and post-switch systems,

zf(to) = Szp(to), (3D
where
I O O O
O I O O
S=lo o 1 o (32)
o [ S ]

5) Initial state design via the switching matrix: At the
controller switch from K, to Ky, we should assign the initial
state of Ky, xf(to+). In this paper, we consider the following
problem via the switching matrix.

Problem 3.1: For the given Gyt, P, K, and K, find the

optimal S, in (31) that minimizes the switching Lo gain i,
in (14).
By assigning the initial state of the newly-activated controller
K by using the optimal switching matrix Sy, the fluctua-
tions in transient responses around the desirable output yyef
of the model-matching target G,¢ after the switch can be
suppressed.

B. Design procedure

By considering

O O O O
O O O O
=10 0 0 o 33)
L O [ S ]
1 O O O
O I O O
| O 0 0 O
we can decompose S in (32) as
S =51+ 5. (35)
Thus, the LMI (22) is equivalent to
X, ST+s7
5 = 0. 36
S1+ S Xf (36)

Therefore, by solving the LMI problem under the constraint
conditions (20), (21), and (36) to minimize by using the
variables f(p, X ¢, and S7, we can obtain the optimal S}, in
S1.

Consequently, the procedure for designing Sy is summa-

rized as follows.

Algorithm 3.2:

Step 1: From the given G,e, P, K, and K¢, obtain H,,
in (27) and Hy in (29), i.e., (4, By, Cp, D,) and
(Af, By, Cy, Dy).

Step 2: Solve the LMI problem consisting of (20), (21),
and (36) with the variable the variables va X s
and S; to obtain the optimal Sy in S;.

C. Example
The plant is given by

-1 1|0
P: 0 —2|1]. (37)
1 0|0
The model-matching target is
1
Grcf(s) (38)

T 0035+ 0155 + 052 +s5+1°
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This transfer function is known for its desirable response
against a unit step input (see .ot in Fig.3). The pre- and
post-switch controllers are as follows:

r—25 —05 —6.3 6.6
0.5 =3.0 42 —-1.7
21 28 —-54 -1.0
09 10 —-14 -3.6

Pt =22 —08 22 5.0

—-49 —41 7.8 438

1.1 23 -3.8 —-1.0

| =03 01 —76 62
“115 —19.0 —40.1| 1.8
42 60 163| 26
01 15 -94|—58
—45 —18.6 195| —25
~195 —794 250| 3.9 (39)
—923 —97.1 33.7| 108
85 324 —393| —3.8
117 —18.7 —442] 0 |
- 589 1580.9 1929 133.6
90.9 —1563.2 —189.0 —129.8
1791 —2954 —37.9 —273
. 101 —178.6 —20.6 —15.9
Ky 85.6 —1839.9 —222.8 —153.8
413 —1209.8 —146.8 —101.6
78 —138 —1.8 —1.1
| 1926 —103 —14 —35
655.6 227  33.0| 1736.9 1
—631.7  18.3 —366.9| —1703.6
~103.6 —274.0 4365.5| —311.1
727 1.9 —50.3| —1948
7531 —2.2 —339.8| —2008.2 (40)
~497.6 —23.1  72.9| —1321.0
48 —11.0 —180.4| —146
122 2735 4395.0 0 |

TABLE I shows the model matching performance values of
the Lo gain. Consider the situation where due to the failure
in a control device, change in the surrounding circumstances,
and so on, the plant P varied to (37) from a slightly different
property. We suppose that the pre-switch controller K, is
designed for the previous property of P, thus the perfor-
mance index value with the current (37) is not good. On the
other hand, the post-switch controller K¢ is designed for the
current (37), thus it can achieve the desirable performance
index value as shown in TABLE 1. That is, the controller
switch from K, to K is for improving the model matching
performance.

TABLE I
PERFORMANCE INDEX.

Hoo norm
H, 0.0763
Hy 0.0027

In order to obtain the initial state xy,(to4) of the post-
switch controller K, we consider the following two switch-
ing matrix designs (i) and (ii).

(i) Switching matrix design by using 4;,. By using Algo-

rithm 3.2, we obtain

—205 —124.5 0.3 1185 —16.1
245 103.8 —04 -99.1 13.0
0.2 19 —02 -09 0.1
Sp=| 74 272 00 -260 35
31.4 1332 —04 —126.9 17.2
224 947 —03 -90.1 123
29 121 00 -115 15
335 —17.6 —4.7 —46.3 —161.9
—26.8 13.8 44 399 1398
-03 03 —01 05 1.4
—70 36 12 103 361 |. (41)
-35.1 183 55 502 1764
—254 134 3.6 354 123.9

—3.2 1.6 0.5 4.3 15.3

(ii) Zero initial state. The following switching matrix sets
the zero initial state of the post-switch controller Ky, i.e.,
Tk I (to+) =0:

S = 0. (42)

TABLE 11
DESIGN RESULTS.

ﬁ/tr
(i) Proposed design 0.0117
(ii) Zero initial state 0.8776

TABLE II shows the design results. The switching matrix
design (i) minimizes 4y to obtain the value 0.0117. On the
other hand, in the zero initial state case (ii), the value of ;¢
is extremely worse.

We now present the simulation results. The controller
switch occurs at ¢ = 3. The model matching performance
of the pre-switch system deteriorated, thus the difference
between y and y,er grows large before the switch, i.e.,
0<t<3.

After the switch with the switching matrix (41), the pro-
posed design, the fluctuations in transient responses around
the desirable output y,.; of the model-matching target Gyq¢
can be well suppressed.

On the other hand, in the case of the zero initial state,
there is violent fluctuation around y,.¢. This implies that
the importance of the initial state design of newly-activated
controller in active fault torelance.

IV. CONCLUSIONS

By introducing the difference structure to the pre- and
post-switch systems, we proposed a new switching Lo gain
for evaluating the fluctuations around an output of a specified
transfer property after a system switch. Moreover, we applied
it to the initial state design of a newly-activated controller
designed by model matching to establish its potential prac-
ticality as a design index.

There are many practical situations where a desirable
shape of transient responses in physical values is required
due to safety aspects and equipment protection, such as
the operating-state transitions considered in [7]. In such a
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Fig. 3. Responses against a unit step input.

situation, we can use the proposed switching Lo gain by
specifying a transfer property with its desirable output. The
result obtained in this paper is the first and significant step
of theoretical challenges to a desirable shape of transient
responses in control theory.
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