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Minimizing the Homogeneous L,-Gain of
Homogeneous Differentiators

Benjamin Calmbach', Jaime A. Moreno? and Johann Reger!*

Abstract—The differentiation of noisy signals using the
family of homogeneous differentiators is considered. It includes
the high-gain (linear) as well as robust exact (discontinuous)
differentiator. To characterize the effect of noise and distur-
bance on the differentiation estimation error, the generalized,
homogeneous L2-gain is utilized. Analog to the classical L,-
gain, it is not defined for the discontinuous case w.r.t. dis-
turbances acting on the last channel. Thus, only continuous
differentiators are addressed. The gain is estimated using a
differential dissipation inequality, where a scaled Lyapunov
function acts as storage function for the homogeneous L
supply rate. The fixed differentiator gains are scaled with a
gain-scaling parameter similar to the high-gain differentiator.
This paper shows the existence of an optimal scaling which
(locally) minimizes the homogeneous L2-gain estimate and
provides a procedure to obtain it. Differentiators of dimension
two are considered and the results are illustrated via numerical
evaluation and a simulation example.

I. INTRODUCTION

Differentiation of noisy signals remains a challenging
task, where mainly two approaches stand out to tackle the
problem: the linear high-gain observer acting as a differen-
tiator on the one hand [1]-[3] and the discontinuous robust
exact differentiator on the other hand [4]-[6]. Both these
approaches are special cases of the generalized family of
homogeneous differentiators of degree d (see e.g. [7], [8]),
where d = 0 corresponds to the linear case and d = —1 to
the discontinuous case.

It is of natural interest to characterize the influence of noise
and disturbances on the differentiation estimation error, e.g.
for appropriate parameter tuning or robust stability of the
closed loop. Vasiljevic and Khalil [3] make use of the £.-
gain and derive an optimal choice of the high-gain parameter.
This minimizes an upper bound of the L£..-gain, given the
knowledge of the respective noise and disturbance bounds.
For the discontinuous, second-order case, i.e. the super-
twisting differentiator, Seeber [9] just recently published non-
conservative error bounds in a similar setting. Furthermore,
a trade-off between speed of convergence and differentiation
error are discussed to ease adequate tuning.

The goal of this article is to find an optimal gain-
scaling L (similar to the high-gain setup) for the homoge-
neous differentiator [7]. For this purpose, we need to consider
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weighted homogeneous systems with inputs and outputs,
i.e. homogeneous input-output mappings. When introducing
weights not only to the state, input and output but also
to the time variable, applying a dilated input (also w.r.t.
time) can lead to a dilated output. This yields the concept
of homogeneous input-output maps recently introduced by
Zhang [10]. It turns out that the classical £,-gain [11] is
only a local property for these systems, i.e. it is not dilation-
invariant (apart from special cases). Thus, Zhang proposes
a generalized, homogeneous L,-gain [10] (L,n-gain) with
homogeneity degree zero and therefore global validity. Being
a generalization, the classical £,-gain is recovered for linear
systems (i.e. d = 0).

Therefore, we consider optimality with respect to the £Lp-
gain of the homogeneous continuous differentiation error
dynamics of degree d € (—1,1). The discontinuous case
(d = —1) is explicitly excluded here, since the L,,-gain
is not defined for disturbances acting on the last channel,
i.e. signals with non-vanishing n-th derivative in this case.
Similar to the high-gain setup [3], we consider scaled gains
ki = a; L%, i = 1,...,n, where the values of a; are fixed
and gain-scaling L > 0 is the optimization variable. In the
present paper, we restrict ourselves to the homogeneous Lo-
gain with a clear physical interpretation of the input-output
ratio in terms of energy (for the linear case). Further, we
choose n = 2 for illustration purposes. We show that the
Loy,-gain estimate grows linearly with gain-scaling L if noise
is present and is inversely proportional to a power of L
regarding the disturbance. Thus, we prove the existence of a
global optimum and propose a procedure to find an optimal
scaling L that minimizes the effect of bounded noise and
disturbance on the differentiation estimation error in terms
of the estimated Lo),-gain.

The calculation of the Lo-gain for linear systems, where
it coincides with the Ho-norm of the corresponding transfer
function, can be done in the frequency domain (see e.g. [12]).
The more general nonlinear case is extensively studied e.g.
by v. d. Schaft [11], and generalized to the homogeneous
case by Zhang [10], where the gain is calculated based
on the solution to a homogeneous (differential) dissipation
inequality (DI). This defines a partial differential inequality
(PDI) and is hard to solve in general (apart from the
linear case, where it reduces to a Riccati inequality [12]).
From asymptotic stability of the error dynamics and the
converse Lyapunov theorem, however, the existence of a
(homogeneous) Lyapunov function is guaranteed [13], [14].
Knowing that the DI needs to hold for all permissible
inputs u (including u = 0), any Lyapunov function qualifies
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as a candidate storage function, i.e. a solution to the PDI.
Thus, we utilize the homogeneous Lyapunov function of
Cruz-Zavala and Moreno [7] at the expense of estimating
only an upper bound of the Lo),-gain.

In terms of a specific parameter set, we calculate the Lop-
gain estimates for various homogeneity degrees and relate the
estimate to the actual L£,-gain for the linear case. Focusing
on a specific homogeneity degree, we provide a simulation
example and observe that optimal gain-scaling L* yields a
reasonable trade-off between noise and disturbance affecting
the differentiation estimation error.

Since the concept of homogeneous input-output maps as
well as the homogeneous L,-gain have been introduced
just recently, we elaborate on that in Sections II and III.
Furthermore, we recall necessary definitions of weighted
homogeneous systems and classical £,-gain and show, by
means of a simple example, that the latter is not suitable
for homogeneous systems. Then, the problem statement is
presented in Section IV together with the Lyapunov and
storage function. Section V covers the Lo,-gain estimation
for the homogeneous differentiator and its minimization w.r.t.
gain-scaling L. Moreover, a numerical evaluation for an
exemplary parameter set and the simulation example are part
of the section. Finally, conclusions are drawn in Section VI.

II. PRELIMINARIES

In this article, we consider systems

| {r@) = fa(®), u(t),

z(to) = o, 0
y(t) = h(z(t), u(t))

with input u(t) € R™, state x(t) € R™ and output y(t) €
R™ vectors of dimensions n,,n,n, € N. Both the vector
field f(z,w) and function h(z,w) are continuous in = and u
with v being measurable and essentially bounded. Thus, a
solution to (1) exists [13] and X defines an input-output
mapping G, for every xg. That is, solving (1) with a given
(admissible) input u(-) for the trajectory x(:) leads to the
corresponding output y(-).

We briefly recapitulate the main concepts used in the
article and show that their straight-forward conjunction is
questionable, since the classical £,-gain is a local property
for nonlinear, homogeneous systems with inputs and outputs.

A. Classical L,-Stability and L,-Gain

We consider n-dimensional Lebesgue-measurable signals f :
[0,00) = R™ with f € L7, ie. [;°|f(t)]|Pdt < oo, p >
1 [11], where || - || is any norm in R™. This leads us to the
definition of the £,-norm as [11]

1, = ( / If(t)ll”dt>p e

In a similar manner, the extended E;’-space, i.e. [,;‘e, can
be defined for truncated signals fr with fr(t) = f(¢), ¢ €
[0,T) and fr(t) =0, t > T.

An input-output mapping G : Lps — Ly¢ is called L£,-
stable, if [11]

_—

u€ Ly y=G(u) e Lyy.

The mapping has finite £,-gain, if there exist finite constants
vp and b, such that

IG(W)lle, <llulle, + by, 2)

which implies £,,-stability of G' [11]. The £,-gain of G is
defined as 7, (G) = inf{~, | b, s.t. (2) holds} [11].

Let us consider the L,-gain of state-space representa-
tion X. For this purpose, we introduce the continuously
differentiable storage function V' : R™ — [0, 00) and recall
the £, supply rate s, : R"* x R"» — R with

sp(u,y) = vhlull? = [lyll?, ~>0. 3)

System (1) has £,-gain < +, if the differential dissipation
inequality (DDI) [11]

a‘g;ix)f(x,u) < sp(u, h(z, u))

holds. That is, X is dissipative w.rt. supply rate s,.
The L,-gain of system (1) is defined as ~,(¥) =
inf{y, | ¥ has £,-gain < ~,} [11].

These classical results can be extended to the well-known
case p = oo. Another prominent case is p = 2, since the
physical meaning is obvious and the L5-gain represents the
input-output ratio in terms of energy.

After a short introduction into weighted homogeneity and
its expansion to systems with inputs and outputs, we consider
the homogeneous differentiator and come back to the £,-gain
of the corresponding error dynamics.

YV, u 4)

B. Weighted Homogeneous Systems with Inputs and Outputs

Following Baciotti and Rosier, we define:

Definition 1 (Weighted Homogeneous System [13]):
The weight vector associated with the state vector
(z1,...,2,)" is denoted by 7 = (r1,.. )T
with positive weights ;> 0. The respective
weight vectors for u and y are called 7, and 7.
The corresponding dilation operator is defined as
AT (z) = (K"zy,...,k™x,) T,k > 0. The system (1) is
called homogeneous of degree d € (— min; r;, 00) if there
exist positive weights r;,7y,,7y,,7 = 1,2,... s.t. Yu,x and
V& > 0 the following holds:

fi(AT (z), AT (u)) = k57 fi(z,u),  Vi=1,...,n,

hi(AL(z), Al (u)) = "™ hj(z,u), Vj=1,...,n,.
In order to describe homogeneity of an input-output map G,

e.g. G, principally defined by (1), it is necessary to intro-
duce the weight r, = —d associated with time ¢. This yields
k"idx;

F (@), A () = w7 0) =

and means that the trajectory of (1) is homogeneous w.r.t.
input and time [10]. Thus, a dilated input leads to a dilated
state transition, which in turn implies a dilated output and
leads to the following definition.

Definition 2 (Homogeneous Input-Output Map [10]):
The causal and time-invariant input-output map G is termed
r-homogeneous of degree d = —r; € R, if

GAR (u(r™"))) = A (y(x~™)),

r = N

Vk >0
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holds for each admissible input u and output y = G(u).
This definition is essential to investigate the L,-gain of
homogeneous systems.

Aside from that, we make use of the r-homogeneous g-

norm defined as [13]
1

Ill,, ., = (Zm “z) , Yz eR" ¢g>1 (5

and unit sphere S, g = ¢z €R" | [z, = 1}
more, consider the following essential property.

. Further-

Lemma 1 (Dominating homogeneous function [14]-[16]):

Let po: R" — Rxg (ie. p(z) >0V e R")andnp : R” - R
be two continuous homogeneous functions with weights
r=(ry,...,r,) and degrees d, such that

{z e R"\{0} : p(z) = 0} € {z € R"\{0} : n(z) < 0}.
Then, there exists A* € R such that
n(x) — Au(z) < Vo € R™\{0}, VA > \*

holds for some ¢ > 0.

—cllz]7,

C. Homogeneous Arbitrary Order Differentiator

We consider the homogeneous differentiator given by (1)
with [7]

Fia f) = —ki[21— ful ™ 4 @ipr, i=1,...,n—1
Fal@y fu) = —ka [21 = fu] 5 (6a)
(CE fn) = Tn — fon Y (6b)

where [-]” = sign(-)|- |, p € R denotes the sign-preserving
power. The Lebesgue-measurable function f,(t) = fo(t) —
v(t) consists of n-times differentiable base signal fy to be
differentiated and bounded noise |v| < N with N > 0.
The weights are assigned as r; = 7,41 —d =71, — (n —1)d,
t=1,...,n+1, where we fix r,, = 1 and allow d € (—1,1)
and the gains are k; > 0. We formally introduce the output
function h as (n — 1)-th error in the differentiation of base
signal fy.

In order to utilize the Lyapunov function of [7], [17],
consider the scaled error dynamics

T4l

% = —k; (fZ1 +v] g

—Zi+1), i=1,...,n—1

= gl o
in=—knlzn+v] " 49, (72)
y = kizn, (7b)
w0V =
where z; = T,ki = k, for i = 1,...,n and
ko = 1. The disturbance § = fo is assumed to be

bounded by D > 0, i.e. |§] < D, and scaled with 5=

Although § € L, (the homogeneous L,-space, see Sec. IIII-
C) is sufficient for the calculations in this article, we require
boundedness of § to ensure ultimate uniform boundedness
of the differentiation estimation error for d € (—1,0] [7].

Note that with weight r, = —d the error dynamics define
a homogeneous input-output map, where u = (v, §)T with
weights r, = (r,, rs) = (r1, Tnt1)-

III. CLASSICAL ﬁp—GAIN VERSUS HOMOGENEITY

For simplicity of exposition, we reduce the following
derivations to the two-dimensional case. By means of the ho-
mogeneous differentiator, we show that the classical £,-gain
is a local property only, i.e. it lacks invariance with respect
to homogeneous dilation. This leads to the introduction of a
homogeneous £,-gain.

A. Second-order Homogeneous Differentiator

The error dynamics (7) with n = 2 read

,7;'1 = 7];1 (’721 + l/J — ZQ) 5 21(0) = Zl,O (821)
1+d ~

22 = —k‘g |—Zl + J (5 22(0) =220 (Sb)

y = k122, (8¢)

where the respective weights of inputs u = (v, §) ', output

and states are given by

(1—d, 1+d),
1-d, 1).

Ty = (rya Té) = Ty = 1,

r, = (r1, r2) =

B. Limitations of the L,-Gain for Homogeneous Systems

To investigate the suitability of the classical £,-gain for
homogeneous systems, consider the special case of (8) where
no noise is present, i.e. ¥ = 0. For zero initial conditions,
the nonzero input u; = (0, §;) with §; € L, yields the
corresponding output y;. This results in the ratio

Y1z,

Pl yn) = e

Recall that (8) defines a homogeneous input-output mapping,
i.e. applying the dilated input us(-) = Alx(uq (k™)) yields
the dilated output y2(-) = ALY (y(k~"t-)). The corresponding
L,-norms read

luzllc, = </ |52(t)|pdt> = </ |k 51(l£”t)|pdt)
0 0
:Hm+% (/ |51(t”)|pdt~> P _ Hm+%”ulHﬁpv
0

Tt
ly2lle, =" 7 e,
and lead to the ratio

Y2z,

—d
kT (u1,y1)-
luzllz, (w1,41)

I(ug,y2) =

= I{Ty—T'SI‘(ul’ yl) =

This ratio directly relates to 7, of (2) [10] and is only
constant for d = 0, i.e. the linear case. If d < 0, it grows
unbounded for K — oo and if d > 0 this happens for k — 0.
An illustration is depicted in Fig. 4 of Section V-C for an
exemplary parameter choice. We conclude that the classical
L,-gain is not suitable for homogeneous systems.
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C. Homogeneous L,-Gain

In order to define a dilation-invariant and global L,-like
gain, we follow a similar path to Sec. II-A, where the
measurable signals f : [0,00) — R™ exhibit the weight
vector ry. Using the homogeneous g-norm (5), define the
homogeneous L£,-norm (i.e. the L,,-norm) as [10]

Alepen = ([ WO, a0) " a=1 02100

provided the right-hand side exists, ie. f € L (the
homogeneous L -space) [10]. Equipped with the £,,-norm
and L7, -space, the concept of L,p-stability and Lp,-gain
can be defined analogously to Sec. II-A for homogeneous
input-output maps G, (see [10]). Similar to (2), Gy, has finite
Lpyn-gain if there exist constants v, > 0, by, > 0

1Gn(w)llz, < Mpllulle,, + Onp, p>1 (10)

for u € L, and the £,,-gain of Gy, is defined as y,,(Gy) =
inf{ynp | Fbnp s.t. (10) holds} [10].

Let us consider the £,,-gain of the r-homogeneous state-
space representation > of degree d = —r; (see (1) and
Def. 1).

Given the r-homogeneous continuously differentiable stor-
age function V4, : R™ — [0,00) of degree p — d > 0, the
system X has L,y-gain <y, if it is dissipative w.r.t. the
homogeneous £,, supply rate [10]

sip (U ) = i lully, g = W17, - (1)

That is, defining the r-homogeneous of degree p value-
function

oVi (z
T (0, 43 ymp) = gfc( ) f(w,u) + Il =
(12)
the homogeneous DDI (hDDI) [10]
T (@, 1, Y5 Ymp) <0 (13)

holds for all u € L and y € Egﬁ. Finally, the £py-gain
of ¥ is defined as v, (X) = inf{yy, | £ has Ly-gain <
’th} [10]

D. Example Revisited

Consider the example discussed in Sec. III-B and denote
the ratio of homogeneous £,-norms by

) _ Hyl ||""y7£ph

Fh u = .
(w90 = i

A straightforward calculation of the dilated in- and output’s
L,n-norms (analogous to the £,-norms) yields

||u2||7‘u~,Lph = Kl+?ﬁ ||u1||ru7£’pll7
Tt
ly2llry 20 = 6% Nl
resulting in the ratio

o 191llry,cpn

[l 2

Th(ug,y2) = w2l £ =K

||u2||ruwcph

=Ty (ur, ),

which is constant ¥V« > 0 and thus dilation-invariant. We
conclude that the homogeneous L£,-gain is suitable for ho-
mogeneous systems and for more details refer the interested
reader to Zhang [10].

IV. PROBLEM STATEMENT

We try to minimize the homogeneous Ls-gain from in-
put w to output y by appropriate choice of the gains ki, ko.
In the spirit of the high-gain observer (e.g. [2], [3]), we make
use of scaled gains

ki =a;L and ko = asL? (14)

with fixed @ = (a1, ag) ' but variable gain scaling L > 0.
This reduces the degrees of freedom significantly, however,
simplifies a generalization to the arbitrary-order differentia-
tor.

In general DDI (4) and hDDI (13) are partial differential
inequalities and hard to solve. Only in the linear case, where
the storage function can be chosen as a quadratic form, they
boil down to a Riccati inequality [11]. Instead of searching
for a storage function V4, leading to the £,,-gain vy, we pro-
ceed as follows. Since hDDI (13) needs to hold Vu € L, it
necessarily holds for v = 0. Given the asymptotic stability of
(7), a natural candidate storage function is any homogeneous
Lyapunov function V] of appropriate degree, who’s existence
is ensured by the converse Lyapunov theorem [13], [14].
Using Lemma 1, an appropriate scaling a > 0 can be found
that qualifies V}, = aV] as storage function. This makes it
possible to calculate an upper bound Yy > Vhp-

A. Homogeneous Lyapunov and Storage Functions
Consider the scaled error dynamics (8) with zero input,
i.e. the noise- and disturbance-free case (¥ = 0 and § = 0).
A Lyapunov function of homogeneity degree dy = 2 — d is
given by [7], [17]
1-d

‘/l(zlaZQ) = 2—d

21|50 — 212+ 76|Z2|27d, g > 0.
2—-d
15)
It is positive definite and continuously differentiable for d €
[-1,1) with homogeneous derivative

B ~ _1 2
Wi(z1, 22) = —k1 ’MJ = — 22‘
—_——
p(z1,22)
~ 1—d itd =
+E [(148) (21— [22)' ™) [21) 755 = Blaa| 7]

n(z1,22)

(16)

Note that for zy = [zljﬁ it simplifies to Vi =

— ko Bz 1374 which is negative. Thus, with the help of
Lemma 1, V] can be rendered negative definite by appropriate
choice of k1. From (16), we can derive the lower bound as

k
= > maxg(z,2) with g(z1,2) = M
1i(z1, z2)

k2 z€R2
The function g is upper semicontinuous and homogeneous of
degree zero. Hence, it achieves a maximum and the search

7)
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can be restricted to the homogeneous unit sphere, i.e. to S, 4
with ¢ > 1. Choosing the gains conform with Condition (17)
ensures V| < 0 and implies stability of the error dynamics (8)
for v = 0 and 6 = 0. Since this is necessary for the following
derivations, we assume throughout the rest of the article:

Assumption 1 (Stabilizing Gains): The differentiator
gains ki and ky are chosen such that V| is a Lyapunov
function for the error dynamics (8) with v = 0 and 6 = 0.
That is, Condition (17) is satisfied.

Remark 1 (Independence of L): Note that the requlre-
ment for stabilizing gains %—1 = kl = o L2 = 3—; is
scaling-invariant. Therefore, the scahng with L does not
affect stability of the error dynamics (8).

As pointed out by Zhang [10] and discussed earlier, a
scaled version of Lyapunov function V; can be utilized
as a storage function V = al}, a > 0 for dissipation
inequality (13). We adapt the ideas to the present case.

Theorem 1 (Storage function for differentiator (8)):
Under Assumption 1 and with scaled gains (14), the
function Vi (z1,22) = aVi(z1,22) serves as a storage
function for the error dynamics (8) w.r.t. the homogeneous
Lo supply rate (11), if we choose a = aL with

a>M = max m(z) and (18a)
2ESy, 2
2 2
@1l2| (18b)

a1, 2) — %377(21&2)’

where p and 7 are defined in (16) and M is independent of
gain scaling L.

Proof: We rewrite the dissipation inequality (13) and
make use of Lemma 1 twice. The derivative V' reads

M),
0z
=a [—kl ([zljtld —22) (le —|—1/jﬁ —zz)

V(z)=

(=t (14 B) [22) ) (o 21 +w) 77 48]

With homogeneous 2-norm ”Z“i g = \zl|1f2d + |29]7, the
respective output and input norms are

= [v| ™7 + |8

L
lyl?, 5 = Rzl Jull?

T,

We substitute the scaled gains (14) and choose a = aL. A
division by L? > 0 yields the dissipation inequality

J(z,1,0) <0

where
J(z,v,8) = d[—al (lejtld - 22> (le +lef1d —zz)
(=21 + (14 ) [22]') (—zj (21 +v) T4 4 5) ]

AN\ 2
+ af|z|* - (Z) (|u|ﬁ+|5\1+%). (19)

with a homogeneous of degree d; = 2 left-hand side.
To apply Lemma 1, observe that the previous inequality
simplifies to

- (6%)
—a |oqp(z1,22) — 0777(31’272) +aflzl’ <0
1

for u = 0, where i and 7 are defined in (16). It is satisfied
if we choose a as proposed in (18). With Assumption 1,
we know that V] is negative definite leading to a positive
definite denominator of m in (18b). Thus, m is continuous
Vz # 0. Since m is homogeneous of degree zero, it achieves
a maximum that can be found on the unit sphere.
Observe that ||u||720u 5 is non-negative. Given a proper choice
of a, we can thus use Lemma 1 to ensure the existence
of 4* such that dissipation inequality (13) holds for every
4 > #*. This qualifies V' as a storage function for the error
dynamics (8) w.r.t. Loy, supply rate (11) (p = 2). |
This directly leads to the following assumption.
Assumption 2 (Storage function): The storage function V'
for the differentiator’s error dynamics (8) reads

Vh(zl, 22) = éLVi(Zl, ZQ),
where the constant a > 0 is chosen conform with Theorem 1.

V. HOMOGENEOUS L5-GAIN OF THE DIFFERENTIATOR

With the help of storage function V}, we estimate an upper
bound of the Lo)-gain. Then, we show that there exists a
global minimum of the estimate w.r.t. gain-scaling L and
propose a procedure to obtain it.

A. Estimation with Fixed Parameters

We use V4, to estimate an upper bound 4 on the homo-
geneous Lo-gain from input w to output y for fixed values
of the gains «;, ¢ = 1,2, gain scaling L, Lyapunov function
parameter 5 and Lyapunov function scaling a.

Zhang [10] proposes two approaches for this purpose
depending on the system structure. For dynamics affine in
the input, the worst-case input u* can be calculated from
the partial derivative of value function 7 in (12) w.r.t v (in
line with the linear case and classical H ..-norm calculation).
Then, the minimum 4 is found such that 7 < 0 holds.
Otherwise, 42 is obtained by maximizing the remainder of
dissipation inequality (13) solved for 42.

In the present case (8), the error dynamics are only affine
in the disturbance d. This does not apply to the measurement
noise v (unless d = 0). Thus the result presented here adapts
the ideas of Zhang, where we introduce the parameter -y
as argument of the respective functions to highlight their
dependency.

Proposition 1 (Estimation of the Laoy-gain): Under
Assumptions 1 and 2, an upper estimate Jn2 = J(Vh)
on the homogeneous L,-gain of the differentiator’s error
dynamics (8) can be calculated as

A(Vh) = argl max j(z, viv) <0y,
1z )y iy 2=1
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where
T(evin) = J(zvd)| - see (19),
. |a(l+d) 1-d =
0" = W(—Zl‘f'(l‘i‘ﬁ) [22] )J

Proof: In order to find the smallest ~ such that dissipa-
tion inequality (13) holds for the given storage function V},,
we observe that the variable ¢ can be eliminated from j by
finding the maximum of j w.r.t. 4. Since

0T (z,v,6) a

S = (~21+ 1+ 8) [22)")
2 1—d

_ 1)2 _Z 5|17
(L 14+d 9]
is continuously differentiable in ¢ for d < 1 and

92T (z,v,0) Y221 —d), . =24
—— = (=) LT <0 VI #£D0,
062 (L> (1+d)2| | 7
it achieves a maximum w.r.t. § at §* given in Proposition 1.
Since J is homogeneous, it is sufficient to restrict the

search on the homogeneous unit sphere.

|
In the two-dimensional case discussed here, finding a
maximum of J is a problem in three variables zj, 2o, V.
By restricting us to the (homogeneous) unit sphere, we
gain the reduction of one dimension and a restricted search
area from an unbounded to a compact set. Still, we cannot
show convexity for d # 0 and thus require conscientious
search on the entire sphere (see e.g. Fig. 2 for d = —0.5
and a specific parameter set). Analog to the calculation
of the Lo-gain based on the Hamiltonian matrix in the
linear case, a sub-optimal 4(V},) can be found using e.g. a
bisection algorithm. Instead of checking the location of the
Hamiltonian’s eigenvalues, we are interested in the sign of
max 7.

B. Minimization of the estimated homogeneous Ly-Gain

Being able to calculate an estimate 4 of the homogeneous
Lo-gain, we make use of gain scaling L to minimize 4.
That is, consider the scaled gains (14) with fixed o, as but
variable scaling L.

Theorem 2 (Existence of optimal gain-scaling L*):
Under Assumptions 1 and 2, there exists an optimal
scaling L* > 0 that (globally) minimizes the estimate
Yh2 = &(thL)

Proof: To analyze the effect of L on the homogeneous
Lo-gain, i.e. the minimum value of 7 such that j < 0 holds,
consider the two limit cases 6 = 0 and v = 0, respectively.

In case of no disturbance, i.e. § = 0, the inequality with
J of (19) simplifies to

J(z,v,0) =a {—al (lejﬁ - 2’2) (le +lef1d - 22)
+(ma @ a) ) ) (<22 a0y )|

N2
+ a2z - (z) M%d <0.

Observe that the Lop-gain estimate is 4 = L, where 7 is
independent of L.
In contrast, with zero noise v = 0, it reads

J(2,0,0) =a [—041 ((zlj ™ _ zg) ((zlj ™ _ zg>
b (o b ) Tl ) (-2 1) B 4 15
0

(€3]
_ 2 _ 2
+alzl? — (FLIF) 9] <

with 6 = 5. Note that $=% > 0 for d < 1. This yields
g = L with L-independent 7.

Th{dlsl,+ ;f noise v is present, increasing L leads to a larger
estimate 4 of the Lon-gain and the contrary holds for a
nonzero disturbance 9. ]

We therefore try to find an optimal gain scaling L* that
minimizes the estimated Lop-gain from measurement noise
v and disturbance § to the differentiation error y of the
homogeneous differentiator. To find L*, several strategies are
possible that all build upon Proposition 1. Implementation-
wise easily, a local optimum can be obtained with the bisec-
tion algorithm. However, more sophisticated search strategies
are possible to reduce the computational effort. Although we
show the existence of a global optimum, we do not show
uniqueness. Therefore, several local minima are possible in
principle. However, observing convexity in Fig. 1, we expect
the minimum to be global.

C. Numerical Evaluation

To illustrate the calculation and minimization of the Loy, -
gain estimate 4 = Ayo for error dynamics (8), we go through
the proposed procedure once and provide a simple, yet
illustrative simulation example.

Consider the values of a1, az and 5 in Table I and find that
Assumptions 1 and 2 are satisfied.! For a variety of homo-
geneity degrees d € (—1,0] and gain-scalings L € [0.3,2],
a bisection algorithm is used to estimate the respective
values 4 of the upper bound on the homogeneous L;-gain
(see Proposition 1). The results are presented in Fig. 1, where
the continuous lines correspond to the estimated values and
the black dashed line represents the actual Lo-gain for
the linear case (i.e. the H,,-norm). A comparison is only
possible for the linear case, since the exact Lo},-gain cannot
be calculated for d # 0, yet. We observe that the estimate 4
is of the same order and similar shape as the actual £-gain,
i.e. there exists an optimal gain-scaling L* which minimizes
the effect of noise and disturbance on the differentiation
error. Thus, we expect to get reasonable results for d # 0
as well. With decreasing homogeneity degree (given the
parameters of Table I), the estimated L,y-gain increases for
small values of L. This means, that the estimated effect of
disturbance § becomes more severe if gains are small (see
proof of Theorem 1) and input-to-state stability would be lost

I'Since the maximum of functions g and m depend on the homogeneity
degree d, their exact values are omitted here for the general case. However,
Table I holds explicit values for the simulation example.
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Fig. 1: Estimated homogeneous Lo-gain with fixed param-
eters (Tab. I) for a variety of scalings L and homogeneity
degrees d, where d = 0 corresponds to the linear case.

considering the limit case d — —1. On the other hand, the
estimated effect of measurement noise does not necessarily
increase with decreasing degree d. In every case, a minimum
w.r.t. L can be observed.

Note that these results depend on V4, i.e. on both £ and
a. Parameter variation results in a shifted optimum in terms
of L and %. However, the overall shape is not affected.

TABLE I: Parameters used in the simulation example that
fulfill Assumptions 1 and 2 and yield reasonable results.

Parameter | o1 | a2 | B | d | M | a
Value | 3 ] 15/3 1] —05] 1572 | 16.72

In order to illustrate the results of a L£o},-gain minimization
with respect to L, we focus on one exemplary homogeneity
degree of d = —0.5 and the remaining parameters summa-
rized in Table I. Indeed, Assumption 1 is 2satisﬁed, since
(see (17) max g(z1,2) = 1.389 < 21 — 3464, ie.

”Z“rz,Q:l a2

Vi is a Lyapunov function for (8) with u = (v, 6)T =
Furthermore, Assumption 2 holds with a > M of (1).
Therefore, V}, = aLV] is used to estimate 4. With a bisection
algorithm, the optimal gain-scaling of L* = 1.055 is found
which leads to the smallest Lo},-gain estimate of 4* = 3.970.
The strictly negative value function 7 (z, v; 4%, L*) for (2, v)
on the homogeneous unit sphere is provided in Fig. 2. It
shows to be non-convex and makes conscientious search
necessary in order to find 4. Note that, unfortunately, there is
no other gain suitable for homogeneous systems, yet, making
it hard to put the results in relation.

We investigate the actual effect of noise and disturbance on
the differentiation error by means of an illustrative simulation
example. For this purpose, the noisy signal

fn(t) = fO(t) - V(t) = ao Sin(wot) —ay Sin(wut)a

is differentiated once, where ag = 0.5, wg = 0.5 and

Y
AT
A
SRR
SR

e
\\\\\|

Fig. 2: On the homog. unit sphere evaluated value function

F@r,654°17) = Jewats L) - with
2 VI (rzry), 2=

the parameters of Table I shows to be strictly negative for

A* and L* with a maximum marked by a red asterisk.

a, = 0.002, w, = 1000. From the error dynamics (8), it can
be seen that disturbance § results in §(t) = —agw? sin(wopt).
To simulate measurement of the noisy signal, the initial
conditions of the error dynamics are chosen as z;(0) = 0
and 25(0) = 0.02 resulting in nonzero initial differentiation
error y(0) = a1 L 22(0). We simulate ten periods of the base
signal fo, i.e. t € [0,T] with T' = 103—2 ~ 125.7s and fixed
sample-time of 7, = 1 x 10~*s using Euler’s method. For
clarity reasons, only two periods are depicted in Fig. 3.

0.06 | ‘ ; ; ,
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-
~
-
I

0021 % 7 A / i

Differentiation error y(t)
(=}
—=

-0.04 | N \ |

0 5 10 15 20 25
Time ¢t in s
Fig. 3: First two periods of differentiation error y(t) for gain-
scaling L € {2L*,0.5L*, L*} when differentiating f, (¢).

Apparently, L = L* yields a reasonable trade-off between
the effect of measurement noise v and disturbance ¢, which is
in accordance with the theoretical observations of Theorem 2.

Finally, let us illustrate the logics of the homogeneous Ls-
gain compared to the standard (local) Lo-gain discussed in
Section III with the present choice of parameters and signals.
Consider the specific quotients

”y”»Cz,T

”u”Cz,T

||y||£2h,T

=0.91
”u”Czh,T

Pr(y,u)= =0.16, I'y 7 (y,u)=
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for L = L*, where u = (v, §)" and Lot and Lo, 1 are
the respective truncated norms (i.e. t € [0,7]). Applying
the dilated input @(f) = Ar«(u(k~"tt)) leads to §(t) =
A (y(k~"tt)) with k = 2 and the weights defined in
Section III-A. The resulting quotients read

FT(ga ra) =0.23 7& FT(y7 U), Fh,T(gv ’EL) =091 = Fh,T(y7 U)

which exemplary shows that the standard Lo-gain is not
invariant under homogeneous dilation.

As derived in the motivation example, considering 6 = 0
and v = 0 leads to the respective quotients

F(:l], ﬂ) d F(]], 5) —d
=r% k>0 and =K ".
L(y,v) I'(y,0)
With d = —0.5 and the parameters of the simulation

example, the corresponding graphs are presented in Fig. 4
and illustrate that only the homogeneous L5-gain is constant
under homogeneous dilation, since it is homogeneous of
degree zero. This underlines the purpose of utilizing the
homogeneous L2-gain for homogeneous systems.

3 ]
“e — — —Noise only (6 =0): s=d=—-0.5
5 25 N = Dist. only (v =0): s=—-d=0.5 |
k) \ Homogeneous Lo-norm: s = 0 .
< al, —_R_H— ' ==
e 2N = ]
N N
sL . .= ]
é 1.5 N ./’_,.
21 A
5 Pt
5L e —— ]
1 1 1 1 1 1

05 1 15 2 25 3 35 4 45 5
Dilation coefficient £ > 0
Fig. 4: Quotients of the £o-norms of the dilated and original
input- and output-signals for the special cases § = 0 and
v = 0, respectively, and quotient of the Lon-norms. The
parameters are consistent with the preceding example.

VI. CONCLUSIONS

We have shown that there exists an optimal gain-scaling
L* which locally minimizes the homogeneous Ly-gain es-
timate of the differentiation error dynamics of dimension
n = 2 and homogeneity degree d € (—1,1). The es-
timation is based on dissipativity of the error dynamics
with respect to the homogeneous Lo supply rate, where a
scaled Lyapunov function is utilized as storage function.
The numerical evaluation for an exemplary parameter set
underlines that reasonable results can be achieved with the
proposed approach. Furthermore, an optimization w.r.t. the
homogeneity degree d seems possible. Since the estimate
depends on the storage function, future work covers a larger
family of storage functions, where the parameters a, 8 and
the remaining degree of freedom are utilized to render the
estimate less conservative. Moreover, the generalization to-
wards the arbitrary-order homogeneous differentiator will be
considered. Note that the theoretical framework introduced
is valid for the general case, but the numerical calculation

of the estimated homogeneous gain and the optimization are
more complex.
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