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Abstract— We propose a new method for leak detection and
localization in water pipes based on a mathematical model that
describes the flow dynamics by two coupled linear first order
hyperbolic partial differential equations. Using the modulating
function approach, a system of auxiliary PDEs is derived and
solved in order to obtain appropriate modulating functions.
This allows estimating the leak size and the leak position,
resorting to algebraic I/O equations only. For this purpose,
no spatial discretization of the PDE model is needed. The
theoretical results are validated with experimental data from
a water pipe prototype and the performance of the proposed
approach is evaluated in comparison to an existing late lumping
model-based leak detection system.

Index Terms— Leak detection, modulating function, partial
differential equation, water pipeline system

I. INTRODUCTION

Pipelines form an indispensable part of critical infrastruc-
ture, like e.g., heating systems, water distribution networks
or fuel transport. Therefore, a high level of safety and
reliability has to be guaranteed. One of the major risks
to deal within this context is the appearance of leaks that
provoke severe impacts on man and nature like economical
costs, environmental damage or social conflicts. As a study
of the OECD in 2012 reveals, 48 selected cities from OECD
countries have an average water loss rate of 21 % including
cities with a water loss rate higher than 50 % [1]. It is
estimated that the yearly water losses sum up to economical
costs of about USD 39 billion [2].

Hence, the development of efficient leak detection and lo-
calization methods is of great research, economic, ecological
and social interest. Consequently, there is a wide range of
leak detection and localization methods that are typically
classified according to their technical nature into three main
categories: hardware-based / exterior-based methods, non-
technical / biological methods, and software-based / interior-
based methods [3], [4]. The leak detection and localization
methods proposed in this paper belong to the last category
and may be characterized as a model-based, real-time tran-
sient modelling (RTTM) approach.

RTTM approaches rely on a distributed parameters model
of the pipe flow, derived e.g. from mass and momentum
balances. The resulting hyperbolic PDE model is an infinite
dimensional system. Reducing it to a finite dimensional
system leads to two different observer designs, early lumping
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and late lumping approaches [5]. Early lumping approaches
firstly discretize the PDE system to obtain a set of ODEs [5]
what allows utilizing classical approaches of observer theory
for finite dimensional systems like sliding mode observers
[6], [7], Luenberger type observers [8] or Kalman filters (KF)
[9], [10], [11], [12], [13]. Especially, the design of KF-type
observers to estimate and localize leaks has been the subject
of intense research during the past four decades (see e.g.,
[9], [14]) and is already used for commercial leak detection
algorithms like PipePetrol by the KROHNE Group [15], such
that they can be regarded as a benchmark for RTTM leak
detection and localization approaches.

Although the KF-type observers show an acceptable ac-
curacy in simulation and real data-based test environments
(see e.g., [9], [16], [17]), the early lumping approaches share
several drawbacks. Physical information contained in the
PDE model of the fluid dynamics may be lost and important
conditions for the observer design like the observability of
the obtained ODE system will depend on the choice of
discretization scheme and the location of the discretization
points [5].

These limitations motivate late lumping leak detection and
localization techniques, which let design the observer directly
from the PDE model and do not require any discretiza-
tion, neither for deriving nor for implementing the observer
algorithm. In [18], [19], a late lumping observer for leak
detection, size estimation and localization is proposed using
backstepping methods to prove the asymptotic stability of
the observation error.

Regarding these existing model-based leak detection and
localization approaches, the main contributions of this paper
are twofold. On the one hand, we propose a novel, late
lumping leak detection and localization method that results
in an algebraic observer by applying the modulating func-
tion method (MFM). In the context of distributed-parameter
systems, modulating functions (MF) have been established
by [20] for fault detection tasks. Recently the authors of
[21] have extended the approach to PDE state reconstruction.
For the first time, we combine both approaches and use
the MFM for fault detection where the algebraic PDE state
reconstruction step subsequently enables the estimation of
the leak size as well as the leak position. Thereby, the
research gap regarding model-based late lumping leak detec-
tion and localization techniques, that do not require a spatial
discretization of the PDE model, is addressed.

Moreover, the performance of the proposed observer is
validated with real measurement data taken from a water pipe
prototype installed at the laboratory of Advanced Control
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Engineering at the Pontificia Universidad Católica del Perú
(PUCP) in Lima. The accuracy of the leak size estimation
and localization is compared to the late lumping Adaptive
Backstepping Observer (ABSO) presented in [18]. Thus, to
the best of the author’s knowledge, this is the first publication
that studies the validation of a late lumping model-based leak
detection and localization system with real experimental data.

The paper is organized as follows: In Section II, we intro-
duce the pipe flow model and a transformation that allows
to independently estimate the unknown leak size and the un-
known leak position. Section III recapitulates some necessary
fundamentals of the modulating function method. We derive
the auxiliary problem and the estimator equation for the leak
size. Subsequently, the leak localization is performed via an
MFM-based state estimation of the transformed model and
an approach to solve the auxiliary problems is presented.
In Section IV, the pipe prototype installed at the PUCP is
described and the designed leak detection and localization
observer is validated with measurement data. Finally we
draw our conclusions in Section V.

II. MODEL & TRANSFORMATION

According to [18], [19], the fluid dynamics of the water
flow may be described by the mass and momentum balance
resulting in the coupled linear hyperbolic PDE system

Σphy :


pt(z, t) = − β

Aqz(z, t)− β
Aχd(z)

qt(z, t) = −A
ρ pz(z, t)−

F
ρ q(z, t)

−Ag sin(θ(z))− η
Aχd(z)

p(ℓ, t) = pℓ(t), q(0, t) = q0(t)

(1)

where z ∈ [0, ℓ] represents the one-dimensional spatial
coordinate [m], ℓ is the length [m] of the pipe, t is the
time [s], q(z, t) denotes the volumetric fluid flow rate [m3

s ],
p(z, t) is the fluid pressure [Pa], β is the bulk modulus [Pa]
describing the compressibility of the fluid, A is the cross-
sectional area [m2] of the pipe, ρ is the fluid density [ kg

m3 ],
θ(z) is the inclination angle [rad] of the pipe, g is the gravity
acceleration [ m

s2 ] and F is the friction factor [ kg
m3s ]. Moreover,

it is assumed that the pressure and the flow rate at the inlet
and the outlet are known and given by p0(t), q0(t), pℓ(t)
and qℓ(t). The factor η describes the additional momentum
loss due to the leak and is given by η = 0.8 qnom for point
leaks where qnom denotes the volumetric flow in steady-state
[19], [22]. Furthermore, the leak is characterized by the total
leak size χ that is assumed to be constant and by the leak
distribution function d(z) that satisfies

∀z ∈ [0, ℓ] : d(z) ≥ 0,

∫ ℓ

0

d(γ)dγ = 1 . (2)

We shall point out that the friction losses are assumed
to depend linearly on the flow rate q(z, t) such that the
PDE model Σphy is also linear in the states p(z, t), q(z, t).
Hence, the presented model Σphy differs from the classical
water hammer equations [14] that include nonlinear friction
losses and are widely used for the Kalman filter-based
leak detection and localization (see, e.g., [9], [17]). The

limitations of this simplified linear pipe model are discussed
in Section IV.

Since the unknown leak size χ and the unknown leak
distribution d(z) appear in both equations of the pipe model
Σphy as a product, a transformation to decouple the two
unknowns is sought. Such invertible transformation is found
in [18, Lemma 1] and leads to the transformed model

Σtr :


[
ut(x, t)
vt(x, t)

]
= Λ

[
ux(x, t)
vx(x, t)

]
+Σ(x)

[
u(x, t)
v(x, t)

]
[
u(0, t)
v(1, t)

]
=

[
−v(0, t) + q0(t)− χ

U(t)

] (3)

with x ∈ [0, 1], ϵ = 1
ℓ

√
β
ρ , c1(x) = − 1

2
F
ρ e

ℓF√
βρ

x
, c2(x) =

− 1
2
F
ρ e

− ℓF√
βρ

x
, Λ =

[
−ϵ 0
0 ϵ

]
, Σ(x) =

[
0 c1(x)

c2(x) 0

]
and

auxiliary variable

δd(z) := ℓ− z −
∫ ℓ

z

∫ η

0

d(γ)dγdη . (4)

The known boundary measurements are given by

U(t) =
1

2
e
− ℓF

2
√

βρ

(
qℓ(t)−

A√
βρ

(pℓ(t) + ρgh)

)
Y (t) = u(1, t) =

1

2
e

lF
2
√

βρ

(
qℓ(t) +

A√
βρ

(pℓ(t) + ρgh)

)
(5)

where h =
∫ ℓ

0
sin(θ(γ))dγ. As a result, the dynamics of the

transformed system Σtr are independent of the leak distribu-
tion d(z) such that the leak size χ can be estimated separately
from the leak position. Throughout the following section, the
MFM is utilized to estimate the leak size χ. Subsequently,
an MFM-based state estimation of the transformed system is
performed to localize the leak.

III. MODULATING FUNCTION METHOD FOR LEAK SIZE
ESTIMATION AND LOCALIZATION

A. Preliminaries

The proposed approach to estimate the leak size and the
leak position is based on the modulating function method,
whose fundamentals are summarized in [20], [23] as follows.

Definition 1: A function φ ∈ Ck([0, 1] × [0, T ],Rn) is
called MF of order k ∈ N if

∀i ∈ {0, 1, . . . , k − 1} :
∂iφ

∂ti
(x, 0)

∂iφ

∂ti
(x, T ) = 0 . (6)

Based on this classical definition pointing out the annihi-
lation property of the kernel at a boundary due its support,
the modulating functional is introduced.

Definition 2: Let φ ∈ Ck([0, 1]× [0, T ],Rn) be an MF of
order k and h : [0, 1]×R≥0 → Rm,m ∈ {1, n} an integrable
signal. Then, the modulating functional is defined as

M[h](t) :=

∫ t

t−T

∫ 1

0

φ(x, τ − t+ T )⊤h(x, τ)dxdτ . (7)

For simplicity, the abbreviation as an inner product

⟨φ, h⟩Ω,I := M[h] (8)
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is used where I := [t − T, t], t ≥ T describes a moving
time horizon with receding horizon length T > 0 and Ω :=
[0, 1] the fixed spatial domain. Furthermore, the abbreviations
⟨φ, h⟩I and ⟨φ, h⟩Ω are introduced if the integration is real-
ized only w.r.t. the temporal or spatial variable, respectively.

B. Leak Size Estimation
Similar to [20], the leak size χ is regarded as an unknown

source term that enters the transformed model Σtr via the
boundary condition. Following the basic procedure of the
MFM, the modulating functional as defined in Equation
(7) is applied to the transformed system Σtr to derive the
auxiliary problem and the algebraic I/O-relationship between
the known boundary measurements and the unknown leak
size χ. The following theorem provides the algorithm for
the MFM-based leak size estimation.

Theorem 1: Consider the transformed system Σtr given in
(3) with the known boundary measurements defined by (5).
Assume that φ : [0, 1]× [0, T ] → R2 is a MF of order 1 that
solves the following auxiliary problem

Σaux,χ :


φτ (x, τ) = Λ⊤φx(x, τ)− Σ⊤(x)φ(x, τ)

φ1(0, τ) = −φ2(0, τ)

φ1(1, τ) = η1(τ)

φ(x, 0) = 0, φ(x, T ) = 0

(9)

with x ∈ [0, 1], τ ∈ [0, T ] and
∫ T

0
φ1(0, τ)dτ ̸= 0 where

η1 : [0, T ] → R represents a remaining degree of freedom.
Then, the leak size χ can be estimated by

χ̂ =
1∫ T

0
φ1(0, τ)dτ

(
⟨φ1(0), q0⟩I − ⟨φ1(1), Y ⟩I

+ ⟨φ2(1), U⟩I
)
. (10)

Proof: Applying the modulating functional (7) with a
MF φ : [0, 1] × [0, T ] → R2 of order 1 to the transformed
system Σtr leads to〈
φ,

[
ut

vt

]〉
Ω,I

=
〈
φ,Λ

[
ux

vx

]〉
Ω,I

+
〈
φ,Σ(x)

[
u
v

]〉
Ω,I

.

(11)

Using that φ(x, τ) is a MF of order 1, the left-hand side of
(11) is simplified via integration by parts to〈

φ,

[
ut

vt

]〉
Ω,I

= −
〈
φτ ,

[
u
v

]〉
Ω,I

. (12)

Applying integration by parts for the first term on the right-
hand side of (11) gives

⟨φ,Λ
[
ux

vx

]
⟩Ω,I = −⟨Λ⊤φx,

[
u
v

]
⟩Ω,I +

(
⟨Λ⊤φ,

[
u
v

]
⟩I
)∣∣∣∣1

0

.

(13)

Inserting (12) and (13) into (11) results in

−
〈
φτ ,

[
u
v

]〉
Ω,I

= −
〈
Λ⊤φx,

[
u
v

]〉
Ω,I

+

(〈
Λ⊤φ,

[
u
v

]〉
I

)∣∣∣∣1
0

+
〈
Σ⊤(x)φ,

[
u
v

]〉
Ω,I

. (14)

To eliminate the unknown state variables u(x, t), v(x, t) in
(14), the following auxiliary PDE is imposed:

φτ (x, τ) = Λ⊤φx(x, τ)− Σ(x)⊤φ(x, τ) . (15)

Thus, (14) simplifies to

0 =

(〈
Λ⊤φ,

[
u
v

]〉
I

)∣∣∣∣1
0

=
〈
Λ⊤φ(1, t),

[
u(1, t)
v(1, t)

]〉
I
−

〈
Λ⊤φ(0, t),

[
u(0, t)
v(0, t)

]〉
I
.

(16)

To eliminate the dependence on the unknown boundary state
v(0, t), the boundary condition

φ1(0, τ) = −φ2(0, τ) (17)

is added. Consequently, by inserting the known boundary
conditions u(0, t) = −v(0, t) + q0(t) − χ, v(1, t) = U(t),
the known boundary measurement u(1, t) = Y (t), and the
imposed boundary condition (17) into (16), we obtain

⟨φ1(0), χ⟩I = ⟨φ1(0), q0⟩I − ⟨φ1(1), Y ⟩I + ⟨φ2(1), U⟩I .
(18)

Since the leak size χ is constant and
∫ T

0
φ1(0, τ)dτ ̸= 0,

(18) results in the leak size estimation equation

χ =
1∫ T

0
φ1(0, τ)dτ

(⟨φ1(0), q0⟩I − ⟨φ1(1), Y ⟩I
+ ⟨φ2(1), U⟩I) (19)

completing the proof.
The leak size estimation equation (10) establishes an al-
gebraic I/O-relation between the measurements taken from
the pipe system Σphy and the leak size χ where the MF
φ(x, t) works as a filter of the measurements. Moreover, the
estimation of the leak size allows detecting a leakage by
comparing the estimated leak size with a predefined threshold
that is determined, e.g., based on the standard deviation of the
measurement noise of the sensors. For a more sophisticated
derivation of a detection threshold, which considers possible
disturbances inside the MFM framework, see [24].

Besides, the MFM basically transforms the estimation
problem into a control problem, i.e., the implementation of
the leak size estimation equation (10) requires a solution of
the auxiliary problem (9) such that the MF φ(x, t) is steered
from the initial condition φ(x, 0) = 0 to the final condition
φ(x, T ) = 0 over the time horizon [0, T ] avoiding the trivial
solution φ ≡ 0. A way to solve the auxiliary problem Σaux,χ
is discussed at the end of this section.

C. Leak Localization

Similar to [18], the leak is localized via an estimation of
the states of the transformed system Σtr. In this publication,
a novel approach for reconstructing the states of the system
Σtr is proposed by applying the MFM. This approach can
be seen as an extension of the results from [25] where a
similar state estimation problem for coupled PDEs is solved
by applying the MFM.
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We represent the states u(x, t), v(x, t) by the function
expansion

u(x, t) =

∞∑
k=0

ck1(t)Ψ
k(x) ≈

N∑
k=0

ck1(t)Ψ
k(x)

v(x, t) =

∞∑
k=0

ck2(t)Ψ
k(x) ≈

N∑
k=0

ck2(t)Ψ
k(x)

(20)

where N is the approximation order and {Ψk}∞k=0 denotes
the spatial orthonormal basis functions of L2[0, 1]. The
orthonormality of the basis functions is defined w.r.t. the
scalar product ⟨f, g⟩w :=

∫ 1

0
f(x)w(x)g(x)dx where w(x)

serves as a weighting function. In view of the function
expansion (20), the goal then is the estimation of the basis
coefficients ck1(t), c

k
2(t).

To this end, we apply the modulating functional (7) to the
transformed system Σtr. The following theorem presents the
resulting auxiliary problem and the algebraic I/O relationship
to determine the basis coefficients ck1(t), c

k
2(t).

Theorem 2: Let Σtr be given as defined in (3). Then, the
algebraic I/O relation to estimate the m−th coefficients of
the function expansion (20) is given by

cm1,2(t) = ϵ (⟨φm
2 (1), U⟩I−⟨φm

1 (1), Y ⟩I + ⟨φm
1 (0), q09χ⟩I)

(21)

where φ(x, τ) : [0, 1]× [0, T ] → R2 is an MF of order 1 that
solves the auxiliary problem

Σaux,u :

{
φm
τ (x, τ) = Λ⊤φm

x (x, τ)− Σ⊤(x)φm(x, τ)

φ(x, 0) = 0, φ(x, T ) =

[
w(x)Ψm(x)

0

]
(22)

and

Σaux,v :

{
φm
τ (x, τ) = Λ⊤φm

x (x, τ)− Σ⊤(x)φm(x, τ)

φ(x, 0) = 0, φ(x, T ) =

[
0

w(x)Ψm(x)

]
,

(23)

respectively with x ∈ [0, 1], τ ∈ [0, T ].
Proof: In the following, the proof will be only shown

for the estimation of the m-th coefficient of the function
expansion (20) for the state v(x, t).

Applying the modulating functional (7) to the transformed
system Σtr and applying integration by parts regarding time
and spatial derivatives similar to (11) and (12) results in

− ⟨φm
τ ,

[
u
v

]
⟩Ω,I + [⟨φm,

[
u
v

]
⟩Ω]tt9T =

(
⟨Λ⊤φm,

[
u
v

]
⟩I
)∣∣∣∣1

0

− ⟨Λ⊤φm
x ,

[
u
v

]
⟩Ω,I + ⟨Σ⊤(x)φm,

[
u
v

]
⟩ . (24)

Since the MF φm(x, τ) fulfills the auxiliary problem Σaux,v ,
(24) simplifies to(〈

φm,

[
u
v

]〉
Ω

)∣∣∣∣t
t−T

=

(〈
Λ⊤φm,

[
u
v

]〉
I

)∣∣∣∣1
0

. (25)

Imposing the initial condition φ(x, 0) = 0 and the final
condition φ(x, T ) = [0 , w(x)Ψm(x)]⊤ leads to

[
〈
φm,

[
u
v

]〉
Ω
]tt−T =

[
0∫ 1

0
w(x)Ψm(x)

∑∞
i=0 c

i
2(t)Ψ

i(x)dx

]
=

[
0∑∞

i=0 c
i
2(t)⟨Ψm(x),Ψi(x)⟩w

]
=

[
0

cm2 (t)

]
(26)

and thus introduces the m-th coefficient of the function
expansion (20) into (25) by[

0
cm2 (t)

]
=

(〈
Λ⊤φm(0, t),

[
u
v

]〉
I

)∣∣∣∣1
0

= (27)

ϵ

[
−⟨φm

1 (1, t), Y (t)⟩I + ⟨φm
1 (0, t),−v(0, t) + q0(t)− χ⟩

⟨φm
2 (1, t), U(t)⟩I − ⟨φm

2 (0, t), v(0, t)⟩I

]
.

To eliminate the dependence on the unknown state v(0, t), we
impose the boundary condition φm

1 (0, τ) = −φm
2 (0, τ) and

sum up the vector entries on both sides of (25). Consequently,
the m-th coefficient of the function expansion (20) can be
estimated by the algebraic relation

cm2 (t) = ϵ (⟨φm
2 (1), U⟩I−⟨φm

1 (1), Y ⟩I + ⟨φm
1 (0), q09χ⟩I) .

(28)

This state estimation algorithm for the transformed sys-
tem Σtr enables to take advantage of the leak localization
approach derived in [18] as the following theorem shows.

Theorem 3: Consider the pipe model Σphy with F > 0
and suppose that a leak occurs, i.e. χ > 0. Define the leak
localization observer by

Σδ :


p̂0(t) =

√
βρ
A (û(0, t)− v̂(0, t))

+ ρ
A2 ηχ̂+ F

A δ̂(t)χ̂(t)

˙̂
δ = proj

[0,ℓ]

{γ (p0(t)− p̂0(t))}
(29)

with leak localization observer gain γ > 0 where the
projection operator proj(·) enforces the physical constraint
z∗ ∈ (0, ℓ). Then, lim

t→∞
δ̂(t) = δd(0) .

Proof: see [18, Theorem 10].
Finally, the assumption that the leak position is given by

a point leak appearing at z∗ ∈ (0, ℓ) leads to the following
corollary, completing the tasks of leak size estimation and
localization.

Corollary 3.1: Consider the pipe model Σphy with a point
leak located at z = z∗ ∈ (0, ℓ) of size χ > 0, i.e., d(z) is
a Dirac-Impulse located at z∗. Then, δd(0) = z∗ and with
Theorem 3 follows lim

t→∞
δ̂(t) = δd(0) = z∗.

Proof: see [18, Corollary 12].
The last part of this section addresses the implementation

of the observer and the generation of the required MF’s by
solving the auxiliary problems Σaux,χ and Σaux,u, Σaux,v .

D. Solution of the Auxiliary Problem

In order to solve the auxiliary problems Σaux,u, Σaux,v , we
take advantage of the results from [26] where an equivalent
problem is solved. By reversing the time t and flipping the
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coordinates of the MF according to the transformation for
σ ∈ [0, T ] [

ξm1 (x, σ)
ξm2 (x, σ)

]
:=

[
φm
2 (x, T − σ)

φm
1 (x, T − σ)

]
, (30)

we bring the auxiliary problems Σaux,u, Σaux,v into the form
considered in [26]. Then the control law η(·) presented in
the following theorem realizes the required transition from
the origin φ(x, 0) to the desired final condition φ(x, T ).

Theorem 4: Consider the 2× 2 hyperbolic PDE system

Σξ :


ξσ(x, σ) =

[−ϵ 0
0 ϵ

]
ξx(x, σ) +

[
0 c1(x)

c2(x) 0

]
ξ(x, σ)

ξ1(0, σ) = −ξ2(0, σ)
ξ(x, 0) = ξ0
ξ2(1, σ) = η(σ)

with x ∈ [0, 1], c1(·) ∈ C([0, 1],R), c2(·) ∈ C([0, 1],R), ϵ >
0, ξ0 ∈ L2([0, 1],R2). Then, the control law

η(σ) =

∫ 1

0

Kvu(1, ζ)ξ1(ζ, σ)dζ +
∫ 1

0

Kvv(1, ζ)ξ2(ζ, σ)dζ

(31)

where the control kernels Kvu,Kvv are given as the solution
of (see Equations (24)–(31) in [26])

ΣK :


ϵ∂K

vu

∂x − ϵ∂K
vu

∂ζ = c2(ζ)K
vv

ϵ∂K
vv

∂x − ϵ∂K
vv

∂ζ = c1(ζ)K
vu

Kvu(x, x) = − c2(x)
2ϵ

Kvv(x, 0) = −Kvu(x, 0)

(32)

stabilizes the system Σξ in finite time tF = 2
ϵ .

Proof: see [26, Theorem 1].
Furthermore, a solution of the auxiliary problem Σaux,χ is

obtained by utilizing control law (31) and the transformation
(30) to first steer the MF φ(x, τ) from the origin φ(x, 0) = 0
to an arbitrary state φ(x, T

2 ) = φT
2

, and then from φ(x, T
2 ) =

φT
2

back to the origin φ(x, T ) = 0.
Moreover, a closed form solution of ΣK is found in [18,

Lemma 6] where the same kernels ΣK are used to calculate
the observer gains of the proposed adaptive backstepping
observer for leak size estimation and localization.

IV. EXPERIMENTAL RESULTS

In this section, the proposed MF-based leak detection
and localization observer is validated with measurement
data, taken from a prototype installed at the laboratory for
Advanced Control Engineering at the PUCP. The parameters
of the prototype are summarized in Table I. Due to laboratory
space limitations, the prototype is not a straight pipe but is
arranged in the form of a coil that consists of horizontal
sections that are connected by U-shaped parts and elbow
joints, as the P & I diagram in Figure 1 illustrates.

TABLE I: Prototype parameters.

Length Cross-sectional area Bulk modulus Density Gravity
ℓ[m] A[mm2] β[Pa] ρ[ kg

m3 ] g[ m
s2 ]

94.56 2164.8 2.1 · 109 1000 9.81

Fig. 1: Schematic P & I Diagram of the prototype.

The flow rate and the pressure are measured with magnetic
flow meters and differential pressure meters at the inlet and
the outlet of the pipe, as well as at two intermediate points,
allowing to consider shorter segments of the pipe. Moreover,
a leak in the prototype can be provoked by opening one of
the four solenoid and proportional valves.

A. Friction Identification & Model Validation

In view of the linear pipe model Σphy, the friction factor F
remains as the only unknown to fully parametrize the model
in the nominal case without leakage. The friction factor F
is proportional to the steady state pressure gradient between
the inlet to the outlet and, hence, can be calculated from
the measured pressure and flow rate at the inlet and the
outlet for a constant inlet flow rate q0(t). In Figure 2a the
identified friction factor F is displayed over the inlet flow
rate q0(t) for the entire pipe and for each of the three pipe
segments by utilizing the intermediate pressure meters. In
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(a) Identification of the friction
factor F .
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(b) Measured and simulated in-
let pressure p0(t).

Fig. 2: Experimental considerations regarding system identi-
fication (a) and model validation (b).

opposite to the model assumption, the friction factor F is not
constant, but differs significantly from segment to segment
and increases for larger flow rates. The spatial variation
of the friction factor F is explained by the elbow joints
and U-shaped parts which cause additional friction losses in
comparison to the horizontal pipe parts (see, e.g., [27], [28])
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and whose number varies from pipe segment to pipe segment.
Moreover, it is observed that the friction factor F depends
approximately linearly on the flow rate and changes by over
1 % if the inlet flow rate changes by 1 %. Thus, a nonlinear
model according to [14] with friction losses that quadratically
depend on the flow rate describes the fluid dynamics more
accurately, as revealed by the comparison of the measured
and the simulated inlet pressure in Figure 2b for a stepwise
increase in the inlet flow.

B. Evaluation

To validate the theoretical results from Section III, the
proposed MF-based leak detection and localization algorithm
is applied to the experimental data from the prototype. Its
performance is evaluated in comparison to the observer
presented in [18]. To this end, the flow rate and pressure
measurements are logged and then filtered with a moving
average filter with a time window of length T = 5 s to
mitigate the fluctuations of the inlet flow rate caused by the
pumps. The water pipe prototype operates in steady state
with nominal inlet flow rate of q0(t) = 3.1 l

s and the leak
occurs after t = 30 s by opening one of the valves.

The required modulating functions for the leak size and
state estimation are generated by solving the auxiliary
problems Σaux,χ and Σaux,u, Σaux,v using the control law
presented in Theorem 4 and first order finite differences for
an interval length of Tχ = 1 s and Tu = Tv = 3.9 s, re-
spectively. For the function expansion (20), an approximation
order of N = 1 is selected, and the basis functions {Ψk}∞k=0

are of polynomial shape w.r.t. weighting function w(x) =
20x2(1 − x)2. The gain for the leak localization according
to (29) is chosen as γ = 0.003. In comparison, the observer
presented in [18] is parametrized with L = −100, γ = 0.003
and discretized by using first order finite differences with
n = 90 spatial nodes. Both observers are implemented with
a sampling time of Ts = 1 ms. In the following, we examine
two different scenarios for the leak position.

In the first scenario, the last valve located at z∗ = 85.59 m
is opened, leading to a leak size of approximately 2.5%
of the nominal flow rate. The estimated leak size and
leak position is shown in Figure 3. The proposed observer
accurately reconstructs the leak size with a mean deviation
of under 0.01%. Moreover, the leak is localized with a mean
deviation of about 1%. In comparison, the leak position
estimated by the ABSO converges more rapidly, but has a
higher mean deviation of about 2.5%.

In the second scenario, the leak is provoked by opening
the first valve located at z∗ = 11.73 m. As Figure 4
shows, the leak size is still estimated accurately by both
observers. However, neither the proposed observer nor the
ABSO provide a valid estimate of the leak position and
remain at z∗ = 0. This decrease in accuracy of the leak
localization is explained by the observations on the friction
factor F in Section IV-A. Since the leak occurs close to
the inlet, a large part of the pipe operates in a lower flow
regime than in the steady state case. Along with the results
from Figure 2a, this part has a significantly lower friction
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Fig. 3: Estimation of the leak size χ (left) and the leak
position z∗ (right), leak at z∗ = 85.59 m.

factor F than the part in front of the pipe. Consequently, the
linear pipe model Σphy assuming a spatially and temporally
constant friction factor F in this case does not reflect well
the fluid dynamics and both model-based observers fail to
localize the leak accurately.
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Fig. 4: Estimation of the leak size χ (left) and the leak
position z∗ (right), leak at z∗ = 11.73 m.

V. CONCLUSION

This paper contributes to fault detection and identification
in water pipes by developing and validating a new model-
based late lumping leak detection approach to estimate the
size and the position of leaks. By applying the modulating
function method, the leak size estimation and localization
problem is mapped into algebraic I/O equations and a system
of auxiliary PDEs whose solvability is shown. Since these
auxiliary PDEs can be solved offline, the implementation
of the presented leak detection and localization observer
does not require any spatial discretization of the pipe model,
neither for the derivation of the observer algorithm nor for
implementation purposes.

Moreover, this publication validates for the first time the
theoretical results for the observer design of a late lumping
model-based leak detection and localization system with real
experimental data from a water pipe prototype. The real-
time capability of the proposed methods is confirmed by
comparing computing time and time length of the logged
measurements, as well as by on-line implementation of the
presented leak detection and localization technique for the
pilot plant at the PUCP in MATLAB® / Simulink® reading in
the pressure and flow rate measurements via an OPC Server.
Furthermore, it is demonstrated that the proposed approach
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provides accurate leak size and leak position estimates com-
pared to an existing late lumping model-based observer, if the
leakage occurs near to the outlet. However, the underlying
model assumption of linear friction losses is not verified,
such that both observers fail to localize leaks that are further
away from the outlet.

Consequently, the further development of the presented
approach includes the extension of the MF-based observer
for a nonlinear friction model that is supposed to cover the
flow dynamics more adequately, similar to the extension of
the ABSO presented in [29], in order to improve the accuracy
of the leak localization.
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