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Analysis of EMPC schemes without terminal constraints via local
incremental stabilizability

Christian Fiedler' and Sebastian Trimpe'

Abstract— Economic model predictive control (EMPC) is
a popular control methodology that enjoys attention both
from practitioners as well as the control research community.
Of particular interest are EMPC schemes without terminal
constraints in the underlying optimal control problems, and
a considerable amount of theoretical analyses are already
available. In this work, we derive many of these results using
the notion of local incremental stabilizability, a concept that
proved to be important in robust model predictive control. We
show that this notion can be seamlessly used in the analysis
of EMPC, and also derive new continuity results, replacing a
corresponding assumption in existing works.

I. INTRODUCTION

Model predictive control (MPC) is one of the most impor-
tant modern control methodologies, receiving considerable
attention in both industrial practice and academic research
[1]. The basic idea is that in each time step, an open loop
optimal control problem (OCP) is solved, the first part of
the resulting trajectory is applied to the plant, and in the
next time step the OCP is solved again at the resulting state.
Instead of stabilizing a given set point or track a predefined
trajectory, in economic model predictive control (EMPC), a
generic cost function is optimized, often related to economic
performance measures [2]. In this context, MPC schemes
without terminal constraints are of particular importance [3],
[1]. So far, these schemes are analyzed using dissipativity and
turnpike notions [4], establishing various performance and
stability guarantees. Concurrently, in the context of robust
MPC (RMPC), the concept of local incremental stabilizabil-
ity has proven to be a very useful concept in the design and
analysis of RMPC schemes [5], [6].

In this work, we show that the latter concept can also be
used as the foundation of the analysis of EMPC schemes
without terminal constraints. In particular, in turns out that
standard proof techniques in this context can be implemented
using local incremental stabilizability as the starting point.
Furthermore, in previous investigations, the continuity of the
discrete-time storage function appearing in the definition of
dissipativity is posed as an assumption, cf. [1, Assump-
tion 8.24a], but in the present context we can show that
this property follows from local incremental stabilizability.
Interestingly, while this continuity assumption is central in
the analysis of EMPC without terminal constraints, there are
few results in the literature to establish this property. One
of these is [7, Lemma 6], but it is formulated in continuous
time and is based on a rather strong reachability condition.
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The results in [8] and follow-up work require much weaker
conditions, but they depend strongly on the continuous
time nature of the system (in particular, reversibility of the
underlying ODE).

In summary, by introducing local incremental stabilizabil-
ity as the central assumption in the analysis of EMPC without
terminal constraints, we can connect the theory of RMPC and
EMPC, and open up new approaches to tackle and improve
the analysis of EMPC schemes.

Outline In Section II we introduce the setup and central
assumptions. In Section III, we rederive standard EMPC
results using local incremental stabilizability as the starting
point. Additionally, in Proposition III.10 we provide a novel
continuity result for discrete-time storage functions, and use
this in the context of EMPC in Lemma III.12, one of the first
continuity results for the storage function in this context.
Finally, we conclude in Section IV with a discussion and
summary.

II. PRELIMINARIES

We use standard comparison functions. The class K con-
sists of all functions & : R>¢ — R with a(0) = 0 and that
are continuous and strictly increasing. The class o, consists
of functions v € K such that lim,_, a(r) = oo, and the
class Ly, consists of all functions on the positive integers
decreasing strictly to zero.

A. Setup

Consider a discrete-time nonlinear control system

vy = f(z,u), @)

where f : X x U — X is the transition function, and the
state X and the input space U are normed vector spaces, but
everything works mutatis mutandis also for metric spaces.
The state trajectory z(-; z,u) starting at © € X under some
control input u € UN, N € NU {oc}, is recursively defined
as usual by

z(0;z,u) =
z(n+1z,u) = fz(n;z, u), u(n)).

Furthermore, let Z C X x U be a constraint set, inducing
state constraints X = {z € X | Ju € U : (z,u) € Z},
and input constraints U(z) = {v € U | (z,u) € Z} for all
r € X. For N € N, let UN(z) be the set of u € UV s.t.
(x(n;z,u),u(n)) € Z for all n =0,...,N — 1, and define

U™ (z) = {u € U™ |VN € Ny :ulp,. n-13€ UV (2)},
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as well as Xy = {z € X | UN () # 0}. Additionally, given
Y C X, define UY (z) = {u € UN () | 2(N;2,u) € Y}.

We can turn (1) into a closed loop system z+ = f(x, k(x))
by using a feedback map ~ : X — U, and define as usual
the state trajectory starting at x € X recursively by

z.(0;z) =2
ze(n+1;2) = f(ze(n; 2), K2k (n; 2))),
and input trajectory by u,(n;z) = k(zk(n; x)).

For a given stage cost £ : X x U — R, we define for
N € N, U{oo} and u € UV the total cost

N-1
In(zu €)=Y la(nsz,u),u(n)), @)

n=0

and the corresponding value function

Vn(z | 0) = ueIiUI]l\f( )JN(x,u | £). 3)

X xr
By convention we set Jy = 0. If we have a feedback map
k : X — U, define the closed loop total cost for horizon
N € N; U {oo} and initial state z € X by

N-1

In(z | 4) = In(z,us(52) | £) = Z Uz (n; 2), uk(n; ),

n=0
and for a time-varying feedback map «x : Ng x X — U by

N—-1
Ti(n,a | 0) = 3 tan(n + kin, @), u.(n + kin,z)).
k=0

For n = 0, define for brevity J& (x| £) = J5(0,z | £).

B. Basic assumptions

In the remainder, we fix a constraint set Z with the
corresponding induced constraint sets, and a stage cost £ :
XxU—=R

Assumption II.1. There exists 74 € Ko such that for all
z1,29 € X and all uy,us € U we have

[0(wy, ur) — (2, u2)| < vell|z1 — 22| x +[|ur —u2l[v). (4)

Furthermore, for every p € (0,1), there exists Wp € Keo
such that for all » € R>q we have

D vwelemr) <AL (r). (5)

n=0

Assumption II.1 is essentially [6, Assumption 3].

Assumption IL2. There exists B, € R>( such that for all
z €X, u €U, we have {(z,u) < By.

Next, we fix an equilibrium pair (z.,u.) € Z, i.e., T, =
f(ze,ue), and define ¢ = {(z.,u.), and given z € X,
ue U, set ||z]le = |z — zellxs |ulle = [|u — vellv-

Assumption IL3. The equilibrium (z., u.) is in the interior
of Z, ie., (Te,Ue) € Z.

Assumption II.3 implies that there exists Rx . € R such
that Bp, . (z.) C X.

Assumption II.4. There exists a function A : X — R,
bounded from below, and p € K, such that for all (x,u) €
Z with f(z,u) € X, we have

pllzlle) < bz, u) = Lo+ Mz) = A(f(2,u). (6)
We use Assumption I1.4 to define the rotated stage cost
brot(@,u) = L, u) — Lo+ M) = A(f(z,u)  (7)

for all (z,u) € Z with f(z,u) € X. Following the usual
terminology in the EMPC literature, we call Assumption II.4
strict dissipativity.

Assumption IL5. There exists By € Rxg, such that
[A(z)| < By for all z € X with A from Assumption IL.4.

The next assumption describes local incremental stabiliz-
ability in the form of [6, Assumption 1].

Assumption IL.6. There exists V5 : X X Z — R>q, ks :
X x Z — U, and constants Cy, Cs,C,, CP™ € R, ps €
(0,1), such that for all (x,u) € Z and all £ € X with
Vs(Z,2,u) < CP™ we have

Csllz — 2|k < Vs(@,2,u) < Collz — 2k ®)
|ks(Z, 2, u) — u”%] < CuVs(Z,2,u) 9
Vuy € Ulzy): Vs(@y,zp,uy) < piVs(Z,z,u)  (10)

where x = f(x,u) and T4 = (&, ks(Z, x,u)).

Next, we introduce a finite time approximate controlla-
bility assumption, essentially [9, Assumption 3.4] with an
additional requirement on the neighbourhood of x..

Assumption IL.7. There exists N, € N and some R, €
Rsg with R, < min{,/églOg"ax,Rx7e} such that for all
x € X there exists u, € UNe(z) with [|2(Ne; 2, uz)||e < Re.

Note that in Assumption I.7, R, < Rx . implies u, €
N,
Ug ().

III. ANALYSIS RESULTS

We now analyse EMPC schemes without terminal con-
straints using Assumption I1.6 as the central ingredient. How-
ever, for this we need an incremental variant of controlled
positive invariance (CPI), introduced next. We discuss this
property and alternative approaches at the end of the present
work.

A. An incremental CPI assumption

The following assumption formalizes the CPI condition
that is used later on.
Assumption III.1. Consider the situation of Assumption
IL6. If Z € X, then ks(Z, z,u) € U(Z), and if f(x,u) € X,
then f(Z, ks(Z,z,u)) € X.

We now collect some technical results needed in the se-

quel, based on common arguments from the RMPC literature,
cf. [5], [6].

Lemma IIL2. Let + € X and u € UN(z), N
Under Assumptions II.6 and III.1, for all z €

€ N,.
X with
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|Z — z||x < \/C;'C™ the control sequence @& € U
defined recursively by

#(0) = &
w(n) = ks(&2(n),z(n;z,u),u(n)), n=0,...,N =1
Z(n+1) = f(@(n),a(n)), n=0,...,.N =2,

is well-defined, and (Z(n),@(n)) € Z foralln =0,..., N —
L If 2(N;z,u) € X (i.e., u € UY(x)), then we also have
Z(N) € X. Furthermore,

Vs(Z(n), z(n; 2, u), u(n)) < p2"Vs(Z,z,u) (11)
|2(n) = 2(n; 2, u)llx < p§y/C5 ' Cill7 —2llx (12)
la(n) —u(m)|lv < p5V CiCsllz —zx  (13)

forall n =0,..., N —1. Finally, if additionally Assumption
II.1 holds, then

N—-1 N—-1
> U@ (n),w(n) < Ua(n;z,u),un)+ys([E-z) x),
n=0 n=0

(14)

with vs(r) = 77° ((m—i— vV CKC(;)T), where v} €

K~ is from Assumption II.1.
Proof: Standard induction, hence omitted. O

B. Performance bound

We now aim at a bound on the closed loop performance by
adapting [1, Lemma 8.26] to the present situation. For this,
we use a turnpike argument as developed in [3], combining
cheap reachability with the assumption of strict dissipativity,
cf. also [4].

Proposition IIL.3. Under Assumptions II.1, 11.2, 1.6, IIL.1,
1.3 and I1.7, there exists Ncr € N4 and Ccr € Ry such
that for all NV > N¢cgr and all z € X we have

Vn(z | £) < Nl + Ceg. (15)

Proof: Set Ncr = N, from Assumption I1.7 and let z €
X, N > Ncg be arbitrary. Let u, € UNex(z) be the control
sequence from Assumption II.7 and set & = x(Ne; z, uy).
Apply now Lemma II1.2 to & = e, u = (Ue - ue) €
UN—Ner (note that & € X), which results in (-), @(-) with
(Z(n),u(n)) € Z for n = 0,...,N — Ncr — 1. Define
U= (uw 12), then we have

Vn(x | €) < JIn(z,a]|L)

N—Ncr—1

Y UEn),a(n)

n=0

< NerBie + v5(||Z|e) + (N — Ner)le
S Nge + NCRBE + max{O, _NCREe} + '75(Re)7

= JNCR(‘/E7U$ | E) +

where we used @ € U¥(z) in the first inequality, and As-
sumption I1.2 and Lemma III.2 in the second inequality. [J

Remark II1.4. Proposition III-B and its proof show that X is
viable, i.e., forall z € X and all N € N, UV (x) # (), which

also implies U¥ (z) # 0 and trivially Viy(z | £) < oo. This
also shows that Assumption III.1 together with Assumption
I1.6 and I1.7 is rather strong.

For convenience, we recall the following result on (steady
state) turnpikes, see e.g. [1, Proposition 8.15].

Lemma IILS. Under Assumption I1.4 and I1.5, for all z € X,
u € U¥ (z) for some N € N, and all § € Rxo, if Jn(z,u
0) < NL.+ 6, then $OQ((x,u), ze,05(P)) > N — P for all
P=1,...,N —1, where for all ¢ € R>( we define

O(z,u), ze,e) ={n € {0,...,N =1} | |lz(n;z,u)|l. < €}

and o5(P) = p~! (2259).

Here is now the adapted version of [1, Lemma 8.27].

Lemma IIL.6. Under Assumptions II.1, I1.2, I1.3, IL.6, III.1,
IL.7, 11.4 and IL.5, there exists N € N} and v € I.ZNJr such
that for all N > N and z € X we have

V(@ [ < Vy_i(x | €) +Le +v(N —1).  (16)
Proof: Define
2By +Ccr +1
Np = A X (17)

14+4/C5 ' Cs)~1

and set N = max{Ncgr, Ntp + 2}. Let now z € X, N > N
and 0 < ¢ < 1 be arbitrary. Choose u, € UY ~*(z) with
In_1(zyue | €) < Vy_i(x | £) + ¢, which exists since
UY ! (z) # 0 (cf. Proposition III-B and Remark I11.4) and
Vi_1(x | £) > —oc. To show the latter, let u € UY ! (z) be
arbitrary, then summing up the inequality from Assumption
1.4 over n =0,..., N — 2 results in

N-2
Z Lx(n;z,u),u(n)) > (N — 1)l + AMx(N;z,u)) — A(z)
n=0

> (N —-1)¢, —2B) > —0.

Since the right hand side in the preceding inequality chain
is independent of u, we get that Vy_1(z | ¢) is bounded
from below. In the following, for readability define also
z(n) = z(n; z,uc). Next, use Lemma IIL.5 with N—1, P =
(N—1)—1and § = Ccr+1 to get §O((z, uc), e, 05(P)) >
(N —1) — (N —2) > 1, which implies that there
exists k, € {0,...,(N — 1) — 1} with |z (kz)|le <
p—l (2B>\+€CR+1> < p—l (QBx-ﬁ-CCR-H
N—2

N , which implies that

ze(kz)lle < 4/C5'CPX. The latter fact allows us to

use Lemma II1.2 to define uy = ks(we(ky), e, u.) and
Z = f(xc(kz),uy) and conclude that (z.(k;),u,) € Z and
Z € X. Furthermore, we also get from Lemma III.2 that

Uwe(kz),uy) < Le+vell|e(kz)lle + [utle)

</l + Ve <(1 + A /Cnc_'é)p—l <W>>

N -2
:€e+V1(N—1)
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Additionally,
%(jvxe(km)aue(kw))g ||J;—x€( )H.%(
< Cs ([&]le + lze(ka)le)?
2
< Cs (14 0/C51Cs) il

and the choice of Nrp implies then V5(Z, z¢ (ks ), ue(ky)) <
CP**. We can now use Lemma III.2 again (note that u(- +
ky) € UN=1=Fe (2 (k,))) to define

#(0) = &
w(n) = ks(Z(n), ze(ky + 1), uc(kzy +n)
Z(n+1) = f(&(n),an)),n=0,...,(N—1) —k, — 1

and ensure that (Z(n),4(n)) € Zforn=0,...,(N—1) —
ky —1 and Z((N — 1) — k;) € X (here we used that u. €
UY~!(z) instead of just u, € UN~1(z)). Observe that

12(n) — ze(ks + 1) x + [(n) — e (ks +n)|o
< (5t + CVa (@, (ko) uclhy)

(C 1 ) (1 +,om/cg1as> e (o)

so we also have Jin_1)_, (7,7 | 0) <
J(N—l)—kz (xe(k'z),ue(' + km) | [) + VQ(Nl) with

"’ < (C5' 4 Cx)Cs (1 + p&@)

1(2Bx+Ccr +1
N -2

Finally, define
@ = (uc(0) - -

and note that by construction @ € UY (z). We now have

VQ(Nl) =

e (ky — 1) g @(0) - A((N — 1) — ky — 1))

V(x| €) < JIn(z, L)
< Jpy—1(zyue | £) +be +11(N —1)
+ I N1y hy 1 (Te(ke), ue(- + K
=Jnv-1(z,ue | €) + L+ V(N —1)
<Vn_i(z | )+l +v(N—-1)+¢

with v (N — 1) =14 (N — 1) + (N —1). Since 0 < e < 1
was arbitrary and v € Ly , 1s independent of ¢, N and z,
the claim follows. O

We can now state and prove the following bound on
average closed loop performance, which is essentially [1,
Theorem 8.27] adapted to the present situation. Motivated
by results like [1, Theorem 4.16] and the approach from
[10], we work with approximate minimizers.

Proposition IIL7. Let uy : Ng x X — U and (€, )nen, <
R> such that for all n € Ny and © € X we have un(n,z) =
u,,(0) for some u,, € UY (z) with Jn(z,u, | £) < V(x|
¢) + €,. Under Assumptions II.1, I1.2, I1.3, 1.4, IL.5, 117,
I1.6, IIL.1, there exists N € N and v € Ly, such that for all

N > N and all z € X we have (z,, (n;2), uuy(n;2)) € Z
for all n € Ny and

M-1
lim sup — Z Uxpyy (M x), upy (M)
M—o0 o——
M-1
</l.+v + limsup — €; (18)
¢ ( ) M~>oop n@z:() "

Proof: Since X is viable, cf. Proposition III-B and
Remark 1.4, and f(z,u(0)) € X for all z € X and
u € U¥ (z), the first claim is clear.

Let now N > N, x € X arbitrary and define z(m) =
Ty (myx) and u(n) = x,, (m;x), and denote by up, (- |
x) € U¥(z) the control sequence used for the construction
of un. We then have

(x(m), u(m)) = JN(a?(m)wm(O | (m)) [ £)

= JIn-1(@(m+ 1), um(-+ 1| z(m)) | £)
< Vn(z (m)|£)+em7VN 1{x(m+1) |0
< Vn(z(m) | €) = Vn(z(m +1) | ) + Le
+v(N —1)+ €,

where we used the ¢,,-approximate optimality of w,,(- |
z(m)) and up,(- + 1 | x(m)) € UY " (z(m + 1)) in the
first inequality, followed by Lemma II1.6. We then get

M-1 1
MZK m)) < M(VN(M@
M-1
—on(x(M) | 0) +Le +v(N —1) —I——Zem

and since Vy (- | £) > N{, — B,, the result follows. O

C. Practical asymptotic stability

Finally, we turn to stability of the closed-loop system.
As is well-known, when using EMPC without terminal
conditions, one cannot expect asymptotic stability, but rather

2) | £) +v2(IN — 1) practical asymptotic stability [9]. In the following, we red-

erive standard practical asymptotic stability results, but using
local incremental stabilizability as the starting point. We start
with a continuity result for the finite-horizon value function.

Lemma IIL8. Under Assumptions I1.6, III.1, II.1, there
exists vy € Ko such that for all N € Ny and for all
r1, 79 € X with UY (z1), U¥ (z2) # 0, Vv (21 | £), Vv (2 |

0) € R and ||z1 — 2| x < 1/C5'CP™* we have
V(1 [ £) = V(x| )] <

Proof: Let N € Ny and zy,z9 € X fulfilling the
conditions of the lemma and let ¢ > 0 be arbitrary. Choose
up € UF(21) with Jy(2,u1 | £) < Vn(z1 | £) + €. Such
a control sequence exists since Vy(x; | £) > —oo and
UY (1) # 0 by assumption. Define z1(n) = z(n;z1,uy).

w(llzr —22llx)  (19)

Since [|z1 — x2||x < C’gnglaX and 2o € X, we can use
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Lemma III.2 to define

and get @ € UY (z2). Now,
Vn(z2 | £) < In(x2,0 | L)
< In(w1,u1 | 0) +7s([|er — 22 x)
<Vn(z1 | €) +s(lzr — 22]lx) + ¢,

where we used Lemma II1.2 again in the second inequality.
Interchanging the roles of z; and x5 shows that

[V (21 | €) = Vv (@2 [ O] < vs([ler — 22]lx) +e,

and since € > (0 was arbitrary, the claim is established with
W o="s- O

Under some additional assumptions the previous result can
be simplified.

Corollary II1.9. Under Assumptions I1.6, ITI.1, II.1, 1.4, I1.5
and IL.7, there exists vy € K, such that for all x1,z5 € X

with |71 — z2||x < 4/C; 'CM* we have

V(x| ) = Vi (ze [ O] <y (llen = z2fx)  (20)

Proof: Proposition III-B (cf. also Remark II1.4) and
its proof ensure that UY (x;) # 0 and Vy(z; | ) < oo,
i = 1, 2. Furthermore, from the proof of Lemma III.6 we get
that Vi (z; | £) > —o0, so all the conditions of Lemma II1.8
hold for all z1, 22 € X with |21 — 22| x < /C5'CP*. O
Let s : X x U — R be some function. We say that system
(1) is dissipative w.r.t. supply rate s under the constraints
Z if there exists a function S : X — R>( such that for all
r€X, Ne N, ueU¥(z) we have

N—-1
S(@(N;z,u) < S(x) + > s(z(niz,u),u(n). (21)
n=0

Every such function S is called a storage function. Define
now the available storage

N-1
Sa@|s)= sup — 3 s(a(nia,u),u(n).  (22)
W "
uelUyx (z

It is well-known that system (1) is dissipative w.r.t. supply
rate s under constraints Z if and only if S, (z | £) < oo for all
2z € X, and in this case S,(- | s) is a valid storage function,
cf. [11, Proposition 3.3]. It turns out that in our setting, we
can easily show continuity of the available storage.

Proposition ITI.10. Let system (1) be dissipative w.r.t.
storage function s : X x U — R. Assume that there exists
~vs € Koo such that s fulfills Assumption II.1 (with s instead
of /) with ~y; instead of ~,. Under Assumptions I1.6 and III.1,
there exists then v, € K such that for all 21,z € X with

z1 — To|lx < 4/C1O™X we have
[ | 5 C§

Sa(1 | 8) = Sa(22 | 8)| <valller —22llx). (23)

Proof: Let 1,25 € X with ||z — 22|/ x < \/C'EIC(‘;““
and € > 0 be arbitrary. By construction, S,(- | s) > 0,
and since the system is assumed to be dissipative, S, (z |
s) < oo for all € X. Therefore, there exists N; € N and
wy € U (z1) with Jy(z,uy | —s) + € > Sa(z1 | 8). I
N; > 0, then use Lemma II1.2 with £(0) = 25 and x = 7,
u = up as well as s and -, instead of ¢ and -y, resulting in
u € Ugl (z2). Now,

Sa(z1|8) < JIny (21,01 | —8) + €
S JNI(:L‘Q,ﬂ ‘ —S) +e€

98 ((/C5 s+ VCuC) 1 — a2 x)

< Sa(w2 | 8) +7a(llzr — 22[x) + e,
where we used Lemma II1.2 in the second inequality as well
as the definition of S, (- | s) and 7, (r) = v25((1/C5 'Cs +

VC.Cs)r). If Ny = 0, then we have trivially S,(z; | s) =
0 < Su(z2 | s) + €. Interchanging the roles of z; and x5
shows that

1Sa(z1 | ) = Sa(22 | )| < 7alller — 22llx) +e,

and since € > 0 was arbitrary, the claim follows. O

It is well-known that in the discrete-time case, dissipativity
w.r.t. s is equivalent to the following, cf. [12, Section 4.6].
There exists a function A : X — R, bounded from below,
such that for all (z,u) € Z with f(z,u) € X we have

A(f (2, u)) < Ax) + s(z,u).

We hence see that Assumption I1.4 is equivalent to dissi-
pativity of (1) w.r.t. the supply rate s¢(z,u) = f(x,u) —
le — p(||x]le), and A(x) = A(z) + B is a corresponding
storage function, where B € Ry, is any lower bound on
A. Since we can use any valid A in Assumption 114, we
can use the available storage instead of A. The next result
then establishes (local) continuity. However, we first need an
additional technical assumption.

(24)

Assumption IIL.11. In the situation of Assumption I1.4, let
p € Koo such that

p(r) < p(r)Vr € Rxo (25)

p(r) = p(r')| < Yp(lr = 1]) ¥r,r" € Rxg (26)

V¢ € (0, l)EI’yS € Ko Zg(é‘"r) < 75(7“) Vr € R>o,
n=0 (27)

where 7, € K.

Lemma III.12. Under Assumptions 1.4 and III.11, the
system is dissipative w.r.t. supply rate §;(x,u) = €(x,u) —
le—p(||z|le) and A(z) = S,(x | 5¢) is a storage function. In
particular, Assumption 1.4 is fulfilled with A and p instead
of X\ and p. If additionally Assumption I1.6, IIIL.1, I1.1 hold,
then there exists vy € K., such that for all 1, zs € X with

lz1 — zo||x < C'(;IC(Y;“‘”‘ we have

A1) = Mzz)| < m(ller = wollx). (28)
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Proof: The first part follows immediately from the
definition of dissipativity and the discussion preceding this
result. Observe that for all (x1,u1), (x2,us) € Z we have

|5e(z1,u1) — Se(xa,u2)| < [€(z1,u1) — £(22, us)
+ lp(llz1ll2) = p(llz2lle)]
< ez — @ollx + [lur — uzllv) +vp(ll[@1lle = [[@2]le])
< ye(llzr — @2llx + [Jur — uzllu) + v (llz1 — z2lx)
< (ve +7p)(llzr — 22 x + [[ur — uzllv)
=Ys(llzr — z2llx + lur — uzllv),
where we used [[|21]|e—[|22[le] < [[(z1—2e) —(z2—2e) || x =

|lz1 —x2]||x in the third inequality. Furthermore, we have for
all £ € (0,1) and r € R>g

Z ¥s(§"T) Z Ye(§
n=0

Sw@+%@=%@-

The claim now follows from Proposition III.10. O
We now establish properties of the value function for the
rotated stage cost .

+’Yp (&"r)

Lemma II1.13. Under Assumptions I1.4, II.5 and III.11,
there exists B, € Rx¢ such that 0 < S,(z | §) < B,
for all z € X.

Proof: Let X\ be the function from Assumption I1.4,
then A = A\ + B, where B is any lower bound on A, is
a storage function for sy. Observe now that any storage
function w.r.t. the supply rate s, is also a storage function
w.r.t. the supply rate §,. Furthermore, since |A(x)| < By
for all + € X according to Assumption II.5, we have
[A(z)| < By + max{0,—B} = B,. It is well known that
Sa (- | 5¢) is a lower bound for all storage functions w.r.t. the
supply rate 3y, so we get that S,(z | §¢) < AM«) < B, for
all x € X, establishing the result. O

Since we need (local) continuity of A\, from now on we
assume that A\(z) = S,(x | &), so that the preceding
results are applicable. We can use this strategy since in the
definition of dissipativity, only the existence of a storage
function is required, so we can simply choose a convenient
storage function.

Next, we establish bounds of the finite-horizon value
function for the rotated stage cost.

Lemma II1.14. Under Assumptions I1.6, 1.1, IL.1, I1.2, T1.4,
IL11, 117, there exists N € Ny, ap,ay € Ko such that
for all N > N and x € X we have

Q(/(HQ?H ) < VN(.I | grol) (29)

ay([lfe)-

Proof: We start with the upper bound. The proof is sim-
ilar to the one of [9, Theorem 3.3], but adapted to the present
situation. Define N = Ncg + [1/21log(ps) log(C5 ' C;)] and
let x € X be arbitrary.

Case ||z, < /C;'C™: In this case we can apply
Lemma II1.2 for Z(0) = z and = = x., u = u,, resulting in

(Z(n),u(n)) € Zforn=0,...,N—1and Z(N) € X. We

then have
VN(:E | gl’Ot) S JN(xvﬁ | erot)
= Jn(z,@| ) — Nlc + Nz) — A(Z(N))

< vs(llzlle) + M) = Awe)| + [AE(NV)) — Alze)]

<sllzlle) +mlllzlle) + 2/ C5 ' Copfll]le)
= a([|lz(le),

where we used @ € U¥ (z) in the first inequality, Lemma
II1.2 in the second inequality, and then again Lemma III.2
as well as Lemma III.12. Note that since the choice of N

implies that [|Z(N)|le < 1/C;'C™*, hence Lemma II1.2
has been applicable.

Case |z||. > {/C5'C™: Choose u, € Uy*(x) from

Assumption II.7 and set & = x(Ne; x, uy) € X. Note that
bro(w,u) = Uz, u) — Lo + Mz) — A(f(z,u))
< By — 1l + 2B, = By,
where B, is the bound from Lemma III.13. This shows that
IN, (2, Uy | brot) < NeBy. Next, use Lemma I11.2 for (0) =

Zand x = T, U = U to get U € UN N( ). Similarly
to the first case, we get Jy_n, (%, 0 | Krot) < a(|z)le <

&(R.), where we used that [|Z(N — N.)|. < /C;'Cra

by choice of N. Define now @ = (u,u), then the preceding
developments show that @ € UY (x) and hence

VN(I | grot) S JN(xaﬂ | grot)
= ']Ne(xvuw | grOt) + JN_Ne(f,’& | Erot)
< N.B;+ &R.) = C.

Summarizing, V(z | fbo) < a(l|z|e) for |z|. <
VOSICm D Ve | b)) < C for |zl >

\/C5 'O so the upper bound follows with ag (r) =
max{1, Ca(R.) " }a(|z|.).

We now turn to the lower bound. Let N > E and x €
X be arbitrary. Proposition III-B shows under the present
assumptions, mutatis mutandis, that UY (z) # 0. Let u €
UY (), then we get

VN (2 | brot) = IN (20 | brot) 2> Lror(,u(0)) > B(”x”e)v
where we used u € U¥ (z) in the first inequality and then
bror(@,u) = p(||lz]le = 0. O

Finally, we have the following continuity result for finite-
horizon value function for the rotated stage cost.

Lemma III.15. Ur~1der Assumptions II.1, I1.6, IIL.1, I1.4,
III.11, there exists IV, 5 € N, and 7y € Ko such that for all

N > E“/ and x1,z, € X with H:Bl —.TQHX < \/églc(rsnax

and UY (z1), UY (z2) # 0, we have
VN (21 | o) = V(22 | brod)| < v (l21 — 22]lx). (30)
Proof: Define N = [1/2log(ps)log(C; ' C5)] and let
N > &7 and x1, 29 € X with ||x1 — 23] x < 1/6’(5_10[‘;“‘“
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and UY (z1), UY (z2) # 0, and € > 0 be arbitrary. Observe
that Lemma 1I1.14 is applicable, hence 0 < Vi (z; | liot) <
o0, i = 1,2. Choose now uy € U¥ (z2) with Jy (22, uz |
biot) < Vn(xo | biot) + € and define zo(n) = x(n;x2, us).
We can now use Lemma III.2 to construct

j(O) =T

i(n) = Ks(Z(n), z2(n), uz(n))

Z(n+1) = f(&n),a(n)), n=0,...

with @ € U¥ (z1). Now,

V(21 | brot) < IN (21,0 | brot)

= Jn(z1,0 | £) = Nl + Az1) — MZ(N))

< Jn(xo,ug | ) — Nbe + A(z2) — AM22(N))
+ [Mz1) = AMz2)| + [A(22(N)) — ME(N))|
+ 75 ([l — 22 x)

< In (w2, uz | biot) + (|l — 22| x)

+m(C5 ' Cspy Iz — w2l x) +vs([|21 — 22l|x)
< VUn(xa | brot) + € + vy ([lo1 — 22( %),

where we used Lemma II1.2 in the second inequality, Lemma
III.12 in the second and third inequality (note that due to
the choice of N it is applicable), and finally the choice

of up and 7 (r) = ](r) + n(/C5 ' Copy'r) + 1s(r).
Interchanging the roles of x; and 2 shows then

V(21 | brot) — V(@2 | brot)| < v (lo1 — 22| x) + €,

and since € > 0 was arbitrary, the result follows. O

After the preceding auxiliary results, an inspection of the
proof of [1, Proposition 8.32] reveals that this result applies
to the present situation and hence we get practical asymptotic
stability. Since this is a standard result that immediately
applies to our situation, we omit the details.

N1

IV. CONCLUSION

We have been able to rederive from the assumption of local
incremental stabilizability most of the essential analysis re-
sults for EMPC without terminal conditions. Additionally, we
also provided some novel continuity results for the storage
function of dissipative systems in the context of EMPC. By
building on local incremental stabilizability, we connected
the analysis of EMPC schemes to the theory of RMPC,
where this notion is playing an increasing important role.
Furthermore, this is particularly interesting since incremental
notions have received considerable attention in the control
community lately [13], [14]. A potential limitation of the
present work is the incremental CPI condition in Assumption
III.1. While CPI assumptions are standard in nonlinear
NMPC [1], it is unclear whether this assumption can be a
significant limitation in the incremental context. Therefore,
ongoing work is concerned with relaxing the incremental CPI
condition, for which we are exploring artificial tightening
approaches, along the lines of [5]. Interestingly, this brings
the analysis of EMPC schemes without terminal conditions
and RMPC even closer together.
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