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Abstract— An increase in local renewable gas pro-
duction will necessitate gas outflows to higher pres-
sure networks to achieve balancing in the future
gas networks. We expand on traditional valve-based
pressure regulation by introducing a grid-forming
compressor unit. This unit incorporates a centrifugal
compressor based on the Greitzer model and en-
ables pressure regulation with bi-directional gas flows.
Nonlinear controllers are proposed for the valves of
the compressor unit, whereas a proportional-integral
controller with damping injection is used for the
centrifugal compressor. We provide scalar design in-
equalities for controller which ensure the controlled
compressor unit is equilibrium-independent passive
(EIP). By showing that the gas pipelines also EIP, we
demonstrate the modular and topology-independent
stability of the gas network equilibrium in which so-
called prosumers may inject or extract gas at any node
in the network. The controller and stability results are
verified via simulations.

I. Introduction

CURRENT gas networks are similarly structured
as traditional power systems, with high-pressure

transmission networks supplying lower pressure regional
distribution networks (see [1, p. 51], [2]). This similarity
extends to the pressure (vs. voltage) regulation, which
must be maintained between upper and lower bounds
for safe operation. Unlike in power systems, however,
most gas networks have a strict top-down uni-directional
supply in which valves are used for pressure regulation.

In future, power-to-gas systems which can inject gas
locally are expected to see significant growth. Simultan-
eously, a reduction in gas demand is being observed, as
countries seek to decarbonise [2]. This combination gives
rise to situations where the local production outstrips the
demand and where gas must therefore either be stored
or injected into higher-pressure transmission networks
[3, p. 9f.]. However, both options require the addition
of compressors to realise the required pressure increases.

Centrifugal compressors, which offer a continuous flow
of gas and a high efficiency, are commonly used in gas
networks for this purpose [4]. Despite these advantages,
these compressors exhibit compressor surge at low flow
rates, which can lead to unstable behaviour. Various
controllers have been proposed to deal with compressor
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surge in the literature. In [5], [6], compressor surge is pre-
vented by controlling the speed of the driving machine.
This idea is extended in [7], where back-stepping and
passivity is employed. In [8], a robust controller using
state-feedback linearisation is used alongside a close-
coupled valve (CCV) which acts on the unstable com-
pressor dynamics. However, these approaches all assume
a constant inlet pressure, restricting their practicality for
gas networks where the pressures can vary. More recently,
several model predictive control (MPC) solutions for
controlling centrifugal compressors have been proposed.
In [9] and [10], anti-surge MPCs are used, which ensure
robust control of the outlet pressure even under input
pressure disturbances. This focus on robust control is
extended in [11], where an MPC-based output pressure
regulation is achieved for a non-ideal compressor model.

In future gas networks, compressors are required to
maintain a desired pressure level in the network while ex-
tracting the surplus gas during times of local oversupply.
There is thus a need for a grid-forming compressor unit
which can regulate the pressure with bi-directional gas
flows by combining valves and a compressor. However,
contrary to the common approach in the literature, this
requires a regulation of the compressor inlet pressure.
Moreover, since such compressor units represent actively
controlled components being added to the gas network,
it is imperative that they do not introduce destabilising
effects. Thus, the regulation of these compressor units
must be robust against constant disturbances and should
allow for a modular integration into existing networks
while ensuring stability.

Main Contribution: In this paper, we propose: 1) A
graph-based gas network model containing grid-forming
compressor units which allow pressure regulation with bi-
directional gas flows; 2) A controller for the compressor
unit which ensures exact pressure regulation at its inlet
while preventing compressor surge; 3) Scalar design in-
equalities ensuring the controlled compressor units are
equilibrium-independent passive (EIP).

We also show that gas pipelines are strictly EIP. By
combining these results, we prove that the equilibrium
of the pressure regulated gas network is asymptotically
stable. Due to the EIP-based approach, our results are
inherently modular, scalable and robust against constant
disturbances and topology changes.

Notation and Preliminaries: Define as a vector
a = (ak) and a matrix A = (akl). Diag[·] creates
a (block-)diagonal matrix from the supplied vectors
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Fig. 1: A gas network comprising nodes in NN, con-
stant pressure nodes in NS, nodes in NC adjacent
to compressor units , j ∈ EC, and pipelines with
arbitrary directions in EL. The network is divided
into two sections situated at different heights.

(or matrices). Let A ≻ 0 (≽ 0) denote a positive-
(semi)definite matrix. A set N has the cardinality |N|.
For a variable x, we denote its unknown steady state as x̂,
its error state as x̃ := x − x̂, and a desired setpoint as x∗.
Let x ≡ 0 denote that x and all its derivatives are zero for
t ≥ 0. Whenever clear from context, we omit the time
dependence of variables. In the gas domain, we denote
the absolute pressure as p > 0, the constant standard
density as ρs > 0. The volume flow rate at standard
conditions as q = ṁ/ρs in sm3/s is proportional to the
mass flow rate ṁ.

Definition 1: A symmetric matrix is diagonally dom-
inant if akk ≥

∑
l ̸=k |(akl)|, ∀k. The matrix is strictly

diagonally dominant if the inequality holds strictly.
Lemma 2 (Adapted from [12]): A symmetric (strictly)

diagonally dominant matrix is (strictly) positive definite.

II. Problem Description
We start by providing a graph-based description of a

gas network and introduce its constituent components in
Section II-A. Subsequently, in Section II-B, we formulate
the considered pressure control problem.

A. System Model
Consider a gas network represented as a finite, directed

graph G = (N, E) as depicted in Fig. 1, comprising
|N| nodes weakly connected by |E| edges. The edges
are partitioned into two sets: a set of compressor units
EC = {1, . . . , |EC|}, |EC| ≥ 0, and a set of pipelines
EL = {|EC| + 1, . . . , |EC| + |EL|}, |EL| ≥ 0. Furthermore,
the nodes are partitioned into three sets: a set of nodes
supplying a constant pressure NS = {1, . . . , |NS|}, |NS| ≥
1, a set of nodes situated at the inlet or outlet of a
compressor unit NC = {|NS| + 1, . . . , |NS| + 2|EC|}, and
a set of pipe intersections or endpoints NN = {|NS| +
2|EC| + 1, . . . , |NS| + 2|EC| + |NN|}, |NN| ≥ 1. Note that
each node in NC is connected to exactly one edge in
EC. Furthermore, we denote the stacked pressures with
p = (pn), n ∈ N, and flow rates with qL = (qi),
i ∈ EL, where the edge directions denote the positive
flow-rate direction. Next, we introduce models for the

qf,j

qb,j

qk ql
pk pl

pb,j

(pin) (pout)

sb,j

sf,j
Ψj(ωj , qf,j)

Fig. 2: A compressor unit comprising input and output
tanks, a centrifugal compressor, two control valves and a
tank with constant pressure pb,j .

gas pipelines, valves and centrifugal compressors in the
network. Note that pn is constant for all nodes n ∈ NS.

a) Gas Pipelines: The gas pipelines are modelled
using the pi-equivalent structure in [13], where the dy-
namics of the edges in EL and the nodes in NN are

ρsLi

Ai
q̇i = − λe,i(qi)ρ2

s c2Li|qi|qi

2DiA2
i pM,i

+ eT
col,ip

− gLi sin(θi)
c2 pM,i, i ∈ EL, (1)

Veq,nṗn = qex,n − eT
row,nqL, n ∈ NN, (2)

with the pipeline flow rate qi ∈ R, the piecewise constant
external flow rate qex,n ∈ R, the node pressures pn > 0,
and the constant1 mean pipeline pressure pM,i > 0.
Li, Di, Ai > 0 describe the pipe length, diameter and
area, and θi ∈ [− π

2 , π
2 ] is the pipe inclination angle.

Furthermore, c > 0 is the speed of sound, λe,i(·) > 0 is
the equivalent friction factor, and g is the gravitational
constant. The row vector erow,n and the column vector
ecol,i select row n or column i from the incidence matrix
EL ∈ {−1, 0, 1}|N|×|EL| comprising the edges in EL. The
incidence matrix is defined by: eni = 1 if node n is the
sink of edge i, eni = −1 if node n is the source of edge
i, and eni = 0 otherwise. Additionally,

Veq,n = erow,n Diag
[

LiAi

2ρsc2

]
eT

row,n, n ∈ N, (3)

is the constant equivalent capacity in m4s2/kg arising
from the pipelines connected to a node. Note that gas
consumers have qex,n < 0, whereas qex,n > 0 indicate
producers injecting gas at a node n ∈ N.

b) Compressor Units: Consider the compressor unit
of an edge j ∈ EC in Fig. 2 which connects two nodes
k, l ∈ NC, where k and l are the source and sink of edge
j, respectively. The compressor unit comprises two tanks
on the inlet pk and outlet pl sides along with a tank
with constant pressure2 pb,j > pk. The operation is split
between a backward path with a flow rate qb,j and a
forward path with a flow rate qf,j . The backward path
allows pk to be increased by an inflow of gas through

1This assumption is discussed in [13, Remark 7; Appendix A].
2The constant pressure can be maintained, e.g., by using a

pressure regulating valve connected to the outlet tank.
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a control valve3 and a pipe of negligible length. The
forward path allows pk to decrease via an outflow of gas
through a centrifugal compressor. A CCV is added to
the forward path to combat compressor surge. Note that
the configuration in Fig. 2 is typical in gas networks,
where compressor stations can include multiple stages
and operation modes (see [1, p. 42]). We now introduce
models for the valves and the compressor which make up
the compressor unit.

Control valves are common actuators in gas networks,
enabling flow-rate or pressure regulation through a con-
trolled pressure reduction. Regulation is achieved by
setting the valve stem position sv ∈ [0, 1] to modify its
flow area Av(sv). From the standard orifice equation, the
flow rate through a valve is [14, p. 49] [4, p. 16]

qv = CdAv(sv)

√
2|∆pv|

ρv,1
sign(∆pv), (4)

with the differential valve pressure ∆pv = pv,1 −pv,2, the
discharge coefficient Cd, and the inlet density ρv,1. For
linear valves with Av(sv) = svAv,max and by using the
real gas law p = c2ρ while assuming a constant c, (4)
simplifies to

qv = Cvsv

√
|∆pv|
pv,1

sign(∆pv) (5)

⇐⇒ ∆pv = pv,1|qv|qv

C2
vs2

v
, (6)

where Cv =
√

2cAv,maxCd and sign(∆pv) = sign(qv).
A centrifugal compressor achieves an increase in pres-

sure through a spinning impeller which increases the
radial kinetic energy of the gas. This is followed by
a diffuser which decelerates the gas and increases the
pressure to Ψj(ωj , qf,j)pk > 0 with (see [5], [15])

Ψj(·)=

1+
σjr2

2,jω2
j − r2

1,j

2 (ωj−αjρsqf,j)2−kf,jρ2
s q2

f,j

cpTin,j


cp

cp−cV

,

(7)
the rotational velocity of the machine ωj , the flow rate
through the compressor qf,j , the slip factor 0 < σj < 1,
the constant zero incidence loss parameter αj > 0, the
fluid friction constant kf,j , the inlet radius r1,j , the
impeller radius r2,j , the temperature Tin,j at the inlet,
and the specific heat at constant pressure cp and constant
volume cV. At low flow rates, the compressor charac-
teristic (7) can exhibit compressor surge which leads to
unstable behaviour (see [5]).

The dynamics of the forward path flow rate qf,j ,
comprising the CCV (6) and the compressor (7) are thus

ρsLf,j

Af,j
q̇f,j = Ψj(ωj , qf,j)pk − pl − Ψj(ωj , qf,j)pk|qf,j |qf,j

C2
vs2

f,j

,

(8a)
3The valve with sb is often referred to as the anti-surge valve or

the backflow valve.

for j ∈ EC and where Lf,j , Af,j > 0 denote the length and
cross-sectional area of the forward path pipe, respect-
ively. We assume the pipe friction losses are dominated
by the valve losses in (6). The machine driving the
compressor is represented by (see [5], [15])

Jjω̇j = τj − σjr2
2,jρsqf,jωj − djωj , (8b)

where ωj ≥ 0 is the rotational velocity, Jj is the rota-
tional inertia, σjr2

2,jρsqf,jωj is the gas pushback torque
on the machine, dj > 0 is the rotational friction factor,
and the torque τj ∈ R is the manipulated variable.

Finally, the dynamics of the tanks are described by

Vkṗk = qk + qb,j − qf,j , qk = qex,k − erow,kqL, (8c)
Vlṗl = ql + qf,j , ql = qex,l − erow,lqL, (8d)

with 0 < pk ≤ ηpb, 0 < η < 1 and Vk, Vl > 0 are
the respective constant equivalent capacities, which can
include a physical storage tank in addition to the volume
from the connecting pipes (3). The upper limit of pk

ensures there is sufficient pressure differential across the
valve to perform regulation via sb.

B. Control Problem
Gas network operators are responsible for balancing

the in- and outflows of gas in their networks [1, p. 5],
which is realised by maintaining the pressure in the
network at a desired level. While the specific tolerances
can differ greatly, contractually fixed upper and lower
bounds for the pressures in a network are mandated4

for safe operation. In this work, we use the compressor
units in Fig. 2 to achieve input pressure regulation along
with bi-directional gas flows through the compressor
units. Note that we assume suitable pressure setpoints
are provided for the control units and that the pressure
regulation of the network is feasible, i.e., all components
have appropriate dimensions and parameters.

To ensure a scalable, topology-independent and plug-
and-play mode of operation while maintaining stability,
we use the EIP framework (see [16, p. 24],[17]). By
ensuring that each subsystem in the network is either
strictly EIP, or EIP and asymptotically stable for a
constant input, asymptotic stability can be assured (see
[18, Proposition 4.2.3]). For the compressor units, we
thus formulate the following control objective:

Objective 1: For each compressor unit j ∈ EC, find
sb,j , sf,j , and τj such that p̂k = p∗

k. Furthermore, the
controlled compressor unit must be EIP w.r.t. the supply
rate5 pkqk + plql and asymptotically stable if qk and ql

are constant.
Furthermore, to ensure asymptotic stability for the

equilibrium of the entire gas network, we require EIP
and asymptotic stability under constant inputs for the
graph pipeline nodes (2) and strict EIP for the pipeline
edges (1), which we show in Section IV.

4E.g., in the German Gas Network Access Ordinance (GasNZV).
5The compressor unit supply rate corresponds to the inlet and

outlet interaction ports in Fig. 2.
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Remark 1: The CCV incurs pressure losses counter-
acting the pressure rise from the compressor in (8a). To
minimise these losses, sf,j should be as open as possible
when the compressor is running, while sufficiently damp-
ing qf,j to prevent compressor surge at slower flow rates.

III. Compressor Unit Controller
Using the model for a compressor unit j ∈ EC, we

now propose controllers for the two control valves and
the centrifugal compressor such that Objective 1 is met.
Specifically, we consider the compressor unit with the
dynamics in (8) and with the control inputs sb,j , sf,j ,
and τj . We then proceed to show that the controlled
compressor unit is an input-affine nonlinear system. Fi-
nally, we state a condition for the control parameters that
ensures the steady state of the controlled compressor has
p̂k = p∗

k. For simplicity and clarity in this section, we
drop the index j from all parameters and variables, and
replace the input and output tank indices with pk = pin
and pl = pout.

Since we do not assume a constant input pressure pin
(see [5]–[8], [15]) and since the compressor can exhibit
compressor surge at low flow rates qf , additional damping
is required on the pin and qf states to meet Objective 1
for non-constant input variables. To this end, consider
the valve controllers

sb =
[
ξb(pin − p∗

in) + qb
Cv

] √
pb

|pb−pin| , (9)

sf =
{

0, qf < 0,√
Ψ(·)pin ξfq

3
4
f , qf ≥ 0,

(10)

where 0 < p∗
in ≤ ηpb is the desired input pressure of the

compressor unit and ξb, ξf > 0 are control parameters.
Increasing sb injects more damping onto the pin state,
with a larger ξb also leading to a slower convergence.
Note that the CCV stem position sf closes fully to
prevent backflow. Furthermore, sf increases rapidly as
qf increases from zero. This allows for greater damping
to be injected at lower flow rates. At higher flow rates
where compressor surge is not problematic, the CCV
opens to reduce the valve pressure loss (see Remark 1).
By adjusting ξf , the position of sf and thus the damping
injected onto qf can be set.

Remark 2: In a practical setting, the flow-rate depend-
ent term qb/Cv in (9) can be generated using an integrator
ε̇b = (pin − p∗

in)/ξbi, ξbi > 0. This circumvents the need
to measure qb and provides robustness against changes
in the valve parameter Cv.

The centrifugal compressor is regulated using the fol-
lowing PI-like controller

τ = εc + ξp(pin − p∗
in) − ξω(ω − ω0) − ξpξs

ξi
sb, (11a)

ε̇c = ξi(pin − p∗
in) − ξssb, (11b)

ω0 =

√√√√ cpTin

σr2
2 − r2

1
2

(
Ψ

cp−cV
cp

0 − 1
)

, (11c)

where εc ∈ R is an integral term; ξp, ξi > 0 are the
proportional and integral gains, respectively; and ξω >
0 injects damping onto the ω state. The dependence
of (11a) and (11b) on sb through ξs > 0 lowers the
torque τ when the damping valve controlled by sb (9) is
open. Furthermore, a faster start-up of the compressor
is achieved using a constant feed-forward term ω0 > 0
(11c), which is derived from (7) for a chosen pressure
ratio Ψ0 > 1 with qf → 0.

In order to analyse the controlled compressor unit in
the sequel, we now formulate its dynamics as an input-
affine system by combining the control with the com-
pressor unit. For convenience in the subsequent analysis,
we also define

z := ξp
ξi

εc − Jω, (12)

as a transformation for the integral state in (11b).
Proposition 3: Assuming fast dynamics for the back-

ward flow rate qb and a positive forward flow rate qf > 0,
the dynamics of the compressor unit (8) controlled using
(9)–(11) are

Vinṗin
Voutṗout

ρsLf
Af

q̇f
Jω̇
ż


︸ ︷︷ ︸
Qcẋc

=


− Cvξb

2 (pin − p∗
in) − qf

qf
Ψ(·)pin − pout − R(·)

fω(·) − fz(·)
fz(·)


︸ ︷︷ ︸

fc(xc)

+


qin
qout

0
0
0


︸ ︷︷ ︸
Bcuc

, (13)

yc =
[
1 0 0 0 0
0 1 0 0 0

]
︸ ︷︷ ︸

BT
c

xc =
[

pin
pout

]
, (14)

where xT
c = [pin, pout, qf , ω, z], uT

c = [qin, qout] and

fω(pin) := ξp

(
1 − ξbξs

2ξi

√
pb

|pb−pin|

)
(pin−p∗

in), (15)

fz(qf , ω, z) := (ξω+d+σr2
2ρsqf− ξiJ

ξp
)ω +ξωω0− ξi

ξp
z, (16)

R(qf) :=
√

qf

C2
vξ2

f
. (17)

Proof: For the backward flow rate, q̇b = 0. Thus, the
valve pressure difference is described by (6). Substituting
the valve controller sb (9) into (6) gives

pb − pin = pb
C2

vs2
b
|qb|qb, (18a)

C2
vs2

b|pb − pin| sign(pb − pin) = pb|qb|qb, (18b)

C2
v

[
ξb(pin − p∗

in) + qb
Cv

]2
= q2

b, (18c)

since sign(pb − pin) = sign(qb). The trivial solution of
(18c) gives pin = p∗

in and qb ∈ R, i.e. any required flow
rate is supported when the pressure is at the desired
value. By expanding (18c), the solution for pin ̸= p∗

in is
found as

C2
vξ2

b(pin − p∗
in)2 + 2Cvξb(pin − p∗

in)qb = 0, (18d)
− Cvξb

2 (pin − p∗
in) = qb. (18e)
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Replacing qb in (8c) with (18e) results in the first state
equation in (13). The state equation for pout in (13)
is unchanged from (8d), whereas the dynamics of qf is
obtained by substituting (10) into (8a) and simplifying
to obtain R(·) in (17). Furthermore, substituting τ (11a)
and εc = ξi/ξp(z + Jω) from (12) into the dynamics of
ω (8b) leads to the fourth state equation in (13), with
fz(·) and fω(·) as defined in (15) and (16). Lastly, by
constructing

ż = ξp
ξi

ε̇c − Jω̇ = ξp(pin−p∗
in)− ξpξb

ξi
sb −Jω̇ = fz(·), (19)

we obtain the dynamics of the transformed state z.
Proposition 3 demonstrates that the controlled com-

pressor unit can be written as a nonlinear input-affine
system. Furthermore, the chosen output in (14) cor-
responds to the interaction port of the pipelines. We
now analyse the controlled compressor unit and derive
conditions such that the first part of Objective 1 is met,
i.e. p̂in = p∗

in.
Proposition 4: The steady state of the controlled com-

pressor unit in (13) ensures p̂in = p∗
in if

2ξi < ξsξb ∨ 2ξi > ξsξb

√
1

1−η . (20)

Proof: The equilibrium state p̂in of the system (13)
can be derived by considering the steady states ω̇ = 0
and ż = 0. Starting from the latter, observe that ż = 0 =
fz(·), which results in Jω̇ = 0 = fω(·) − fz(·) = fω(·).
From the function definition in (15), we obtain

fω(p̂in) = 0 =⇒ 2ξi
ξbξs

=
√

pb
|pb−p̂in| ∨ p̂in = p∗

in. (21)

Since 0 < pin ≤ ηpb, we observe that

1 ≤
√

pb
|pb−p̂in| ≤

√
1

1−η . (22)

Restricting the control parameters according to (20) thus
ensures that p̂in = p∗

in is the only valid solution to (21)
and therefore the only valid steady-state pressure for the
controlled compressor unit (13).

Remark 3: The controlled dynamics in (13) shows how
damping is injected to the system. Specifically, pin and z
receive damping proportional to the respective paramet-
ers ξb and ξi/ξp (see (16)). Furthermore, the damping of
ω is adjusted linearly via ξω in (16), whereas qf receives
nonlinear damping tuned by ξf in (17).

IV. Component Passivity & Network Stability
To ensure the desired asymptotic stability for the gas

network equilibrium, we now analyse the EIP properties
of its constitutive components. To facilitate the sub-
sequent analysis of both the compressor units and the
pipelines, we first introduce a useful lemma for establish-
ing the EIP for a class of nonlinear systems, mirroring
results in [19]. Thereafter, we analyse the controlled
compressor units in Section IV-A and the pipelines in
Section IV-B. Finally, we prove the desired asymptotic
stability property in Section IV-C.

Lemma 5: Consider the system described by

Qẋ = f(x) + Bu, y = BTx, (23)

with x ∈ X ⊆ Rn, u,y ∈ Rm, where Q ≻ 0 is diagonal,
and f : X → Rn is a class C1 function. This system is EIP
with a storage function H(x̃) = 1

2 x̃
TQx̃ and a supply

rate ũT ỹ if
−∇f(x) ≽ 0, ∀x ∈ X. (24)

Furthermore, (23) is strictly EIP if (24) holds strictly.
Proof: Shift (23) to the equilibrium x̂ to obtain

Q ˙̃x = f(x) − f(x̂) + Bũ, ỹ = BT x̃, (25)

where Bû = −f(x̂) describes the steady state of (23).
Substitute (25) into the time derivative of H(x̃) to get

Ḣ(x̃) = x̃T (f(x) − f(x̂)) + x̃TBũ, (26)
Ḣ(x̃) ≤ ũT ỹ ⇐= x̃T (f(x) −f(x̂)) ≤ 0, ∀x ∈ X. (27)

Thus, (27) is met if −f(x) is monotone (see [20, Defin-
ition 12.1]), which can be determined using (24) [20,
Proposition 12.3]. Furthermore, strict inequalities in (24)
and thus in (27) yield a strictly EIP system.

A. Compressor Unit Passivity
Having verified the first part of Objective 1 through

Proposition 4, we now derive conditions for the EIP
and the asymptotic stability of the controlled compressor
units in the following theorem and proposition. Note that
we again drop index j and replace the input and output
indices with pk = pin and pl = pout in this subsection.

Theorem 6: The controlled compressor unit in (13)
and (14) is EIP with the storage function

Hc(x̃c) = 1
2 x̃

T
c Qcx̃c, (28)

and the supply rate ũT
c ỹc = q̃inp̃in + q̃outp̃out if (20) holds

along with the following inequalities

0 ≤ Cvξb − |1−Ψ| − ξpγ, (29a)
0 ≤ 2(∇qfR − pin∇qfΨ) − |1−Ψ|

−
∣∣σr2

2ρsω − pin∇ωΨ
∣∣ − σr2

2ρsω, (29b)
0 ≤ (ξω + d + σr2

2ρsqf − Jξi
ξp

) − ξpγ

−
∣∣σr2

2ρsω − pin∇ωΨ
∣∣ − ξi

ξp
, (29c)

0 ≤ (1 + J) 2ξi
ξp

− σr2
2ρs(ω + q) − ξω − d, (29d)

for all 0 < pin ≤ ηpb, 0 < qf ≤ qfmax, 0 ≤ ω ≤ ωmax,
0 < p∗

in ≤ ηpb, and where

∇qfΨ = 1
(cp−cV)Tin

[
αr2

1ρsω − (r2
1α2+2kf)ρsqf

]
Ψ

cV
cp , (30)

∇ωΨ = 1
(cp−cV)Tin

[
(2σr2

2 − r2
1)ω + r2

1αρsqf
]
Ψ

cV
cp , (31)

∇qfR = 1
2C2

vξ2
f
√

qf
, (32)

γ =max
{∣∣∣1 − ξsξb(2−η)

4ξi

∣∣∣, ∣∣∣∣1 − ξsξb(2−η)
4ξi(1−η)

3
2

∣∣∣∣}. (33)
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Proof: By Lemma 5, the compressor unit is EIP if
−∇fc(xc) ≽ 0 for all xc ∈ Xc, with

∇fc =


− 1

2 Cvξb 0 −1 0 0
0 0 1 0 0
Ψ −1 pin∇qfΨ−∇qfR pin∇ωΨ 0

∇pinfω 0 −∇qf fz −∇ωfz −∇zfz

0 0 ∇qf fz ∇ωfz ∇zfz

.

(34)
Since matrix definiteness is defined for symmetric
matrices, −∇fc(xc) ≽ 0 is equivalent to (35) at the
bottom of the page. The matrix inequality in (35) can be
verified using diagonal dominance (see Lemma 2). This
yields

0 ≤ Cvξb − |1 − Ψ| − |∇pinfω |, (36a)
0 ≤ 2(∇qfR − pin∇qfΨ) − |1 − Ψ|

− |∇qf fz − pin∇ωΨ| − |∇qf fz |, (36b)
0 ≤ 2∇ωfz − |∇pinfω | − |∇qf fz − pin∇ωΨ|

− |∇zfz − ∇ωfz |, (36c)
0 ≤ − 2∇zfz − |∇qf fz | − |∇zfz − ∇ωfz |. (36d)

Observe from (15), along with γ in (33), that

|∇pinfω | = ξp

∣∣∣1 − ξsξb
4ξi

√
pb

|pb−pin|

(
2 + pin−p∗

in
|pb−pin|

)∣∣∣
= ξp

∣∣∣1 − ξsξb
4ξi

√
pb

|pb−pin| · 2pb−pin−p∗
in

|pb−pin|

∣∣∣
≤ ξpγ, (37)

for all valid pin and p∗
in.6 Substituting (37) along with the

derivates of fω and fz into (36) and simplifying yields
conditions (29).

Proposition 7: The controlled compressor unit in Pro-
position 3 with ũc = 0 is asymptotically stable if the
conditions in (29) hold strictly.

Proof: If (29) hold strictly, then there is an ϵ > 0
such that

−(∇fc + ∇fT
c ) ≽ Diag[(ϵ, 0, ϵ, ϵ, ϵ)]. (38)

For constant inputs ũc = 0, the storage function Hc
is then a Lyapunov function which ensures asymptotic
convergences of the states p̃in, q̃f , ω̃ and z̃ through (38).
Asymptotic stability of p̃out can then be established using
LaSalle’s invariance principle, by which Ḣc ≡ 0 reduces
(13) to Vin ˙̃pin = 0. Moreover, since the error variable
p̃in = pin − p̂in is shifted to the equilibrium p̂in such that
p̃in = 0 if ˙̃pin ≡ 0, it is verified that limt→∞ x̃c = 0 if
ũc = 0.

6∇pin fω has a maximum at (pin = 0, p∗
in = ηpb) and a minimum

at (pin = ηpb, p∗
in = 0), which constitutes the options for γ in (33).

Remark 4: To test the conditions in Theorem 6, note
that (29a) simply needs to hold for the extremes of Ψ(·),
whereas (29d) simply needs to hold for ωmax and qfmax.
Furthermore, although (29b) and (29c) are arduous to
analyse analytically, these scalar inequalities can easily
be verified using constrained optimisation methods.

B. Pipeline Passivity
As discussed in Section II-B, the nodes and edges

of the pipeline must also exhibit EIP properties. Con-
sider therefore the nodes n ∈ NN with (2), the input
q̃n = −eT

row,nq̃L, output p̃n, and storage function

HN,n(p̃n) = Veq,n

2 p̃2
n, (39)

which can directly be seen to be EIP with a supply
rate q̃np̃n. Furthermore, if qex,n is constant, then the
node dynamics (2) are asymptotically stable by a similar
argumentation as in the proof of Proposition 7. For the
pipeline edge dynamics, on the other hand, we derive the
following strict EIP result.

Proposition 8: The pipeline edge dynamics in (1) with
a constant mean pressure pM,i and the input-output pair
(eT

col,ip̃, q̃i) are strictly EIP with a storage function

HL,i(q̃i) = ρsLi

2Ai
q̃2

i , i ∈ EL, (40)

and a supply rate eT
col,ip̃q̃i.

Proof: Eq. (1) has the form (23), with QL,i =
ρsLi/Ai, the input eT

col,ip and

fL,i(qi) = −λe,i(qi)ρ2
s c2Li|qi|qi

2DiA2
i pM,i

− gLi sin(θi)
c2 pM,i

= −ϕiλe,i(qi)|qi|qi − gLi sin(θi)
c2 pM,i. (41)

Strict EIP is then assured by Lemma 5 if −∇qi
fL,i > 0.

However, this involves computing the derivative of the
λe,i(·) which is non-trivial for turbulent or transitional
flow. Nevertheless, strict monotonicity of fL,i(·) can be
investigated by looking at the rates at which λe,i(·) de-
creases and |qi|qi increases. The slowest rate of increase of
|qi|qi occurs for a small qi. Furthermore, it is well known
that the fastest decrease of λe,i(·) takes place for laminar
flow (see the log-log Moody diagram [14, p. 60], where qi

is directly proportional to the Reynolds number). Thus,
it is sufficient to evaluate ∇qi

fL,i for laminar flow, where
λe,i(qi) = ζi|qi|−1, with the proportionality factor ζi > 0
(see [13, Eq. (7)]). This yields the lower bound

−∇qi
fL,i ≥ ϕiζi > 0, (42)

which verifies Lemma 5.

−(∇fc + ∇fT
c ) =


Cvξb 0 1 − Ψ −∇pinfω 0

0 0 0 0 0
1 − Ψ 0 2(∇qfR − pin∇qfΨ) ∇qf fz − pin∇ωΨ −∇qf fz

−∇pinfω 0 ∇qf fz − pin∇ωΨ 2∇ωfz ∇zfz − ∇ωfz

0 0 −∇qf fz ∇zfz − ∇ωfz −2∇zfz

 ≽ 0 (35)
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TABLE I: Compressor Unit Parameters

r1,j = 79.5 mm r2,j = 135 mm αj = 1181.7
kf,j = 105 m2/kg2 Cv,j = 1.36 m3/s σj = 0.95

qfmax,j = 12 m3/s pb,j = 1.5 bar η,j = 0.92
ωmax,j = 3 · 104 rpm Lj = 5 m Dj = 0.05 m

dj = 0.01 N m s/rad Jj = 0.9 kgm2

TABLE II: Rounded Line Lengths

Line km Line km Line km Line km
1–3 5.00 2–6 2.93 2–8 2.79 4–10 2.68
4–11 1.25 5–8 1.75 6–7 1.25 7–8 1.52
9–10 1.67 10–11 1.90

C. Gas Network Stability
Using the established EIP and asymptotic stability

results from Theorem 6, Proposition 7 and Proposition 8,
we now demonstrate the asymptotic stability of the gas
network equilibrium.

Theorem 9: Consider a gas network G = (N, E), N =
NN∪NC∪NS, E = EC∪EL, which comprises (1), (2), (13),
and where pn is constant for n ∈ NS. The gas network
equilibrium characterised by p̂k = p∗

k, for k ∈ NC and k
the source of an edge j ∈ EC, is asymptotically stable if
the conditions of Theorem 6 and Proposition 7 hold for
each compressor unit.

Proof: Consider the pipeline and compressor inter-
connections described by (1), (2), and (13) shifted to the
equilibrium, i.e. with q̃ex,n = 0, n ∈ NN ∪ NC:

ũN
ũC
ũS
ũL

 =


0 0 0 −EN
0 0 0 −EC
0 0 0 −ES
ET

N ET
C ET

S 0



ỹN
ỹC
ỹS
ỹL

 , (43)

where ũC and ỹC are the stacked vectors of ũc,j and ỹc,j

for j ∈ EC, and where EN, EC and ES stack the vectors
erow,n for n ∈ NN, n ∈ NC, and n ∈ NS, respectively.
Since each of the systems described by the input-output
ports (ũN, ỹN), (ũC, ỹC) and (ũL, ỹL) is EIP and since
pn = const., n ∈ NS, ensures that ỹS = 0, the gas
network equilibrium is stable [16, Theorem 3.1] with a
combined Lyapunov function H = HN,n + Hc,j + HL,i,
with n ∈ NN, j ∈ EC, i ∈ EL. Furthermore, since the
edges with the input-output port (ũL, ỹL) are strictly
EIP, and since the remaining systems are asymptotically
stable for constant inputs ũN = 0, ũC = 0 and ũS = 0,
the gas network equilibrium is asymptotically stable [18,
Proposition 4.2.3]. Finally, from Proposition 4, the gas
network equilibrium has p̂k = p∗

k, for k ∈ NC and k the
source of an edge j ∈ EC.

V. Simulation
We now demonstrate our results in a Mat-

lab/Simulink simulation using Simscape components.
To this end, consider the 11-node network in Fig. 1 with
two compressor units j ∈ {1, 2}. The compressor unit

TABLE III: Controller Parameters

Valves (9), (10) ξb,j = 5 ξf,j = 0.0053
Compressors ξp,j = 10−5 ξω,j = 640 ξs,j = 5 · 104

(11) ξi,j = 20 Ψ0,j = 1.5

0 200 400 600 800
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1.4

1.5

Fig. 3: Node pressures pn for n ∈ N.
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Fig. 4: Compressor angular velocities ωj and forward flow
rates qf,j for j = 1 (solid) and j = 2 (dash dotted).
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Fig. 5: Stem positions sb,j and sf,j for j = 1 (solid) and
j = 2 (dash dotted).

parameters are given in Table I and the pipeline lengths
in Table II. The tank capacities of the compressors are
taken as the pipeline capacities expressed in (3). The
pipelines all have a diameter of Di = 0.15 m, except for
the pipe connecting Nodes 1 and 3, which supplies the
entire network, where the pipe diameter is 0.2 m. The
gas properties are taken from [13, Table 1]. The control
parameters given in Table III are designed such that the
conditions in Theorem 6 and Proposition 7 hold for the
compressor unit in SI units.

The simulation starts with pn = 1.5 bar, n ∈ {1, 3},
and pn = 1.2 bar, n ∈ N \ {1, 3}. The loads are
set to qex,n = −0.02 sm3/s, n ∈ NN ∪ {2, 4}, and
0 sm3/s at the other nodes. The setpoint p∗

4 = 1.1 bar
is kept constant constant during the simulation, whereas
p∗

2 = 1.2 bar initially, p∗
2 = 1.15 bar for 200 s ≤ t < 400 s,
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and p∗
2 = 1.25 bar for t ≥ 400 s. Finally, the flow rate

qex,11 = 0.148 sm3/s is set for t ≥ 600 s, representing an
injection of gas at Node 11. After t = 600 s, there is thus
an oversupply of

∑
n∈N qex,n = 0.008 sm3/s which must

flow into Node 1 at steady state.7
The node pressures in Fig. 3 show that both com-

pressors regulate of their inlet pressures p2 and p4 to the
desired setpoints, irrespective of the gas flow direction.
The compressor activity is shown in Fig. 4, where it can
be seen that a sufficient speed must be reached before
the forward flow rate increases. Furthermore, we note
how the periods of activity in Fig. 4 (see qf,j specifically)
correspond to increases in the outlet pressures p3 and
p5 in Fig. 3, indicating gas being moved to those nodes.
This also explains the behaviour after t = 600 s, where
excess gas is injected at Node 11. As the pressures on
the left-hand side of the network in Fig. 1 slowly rise,
compressor j = 2 starts up and moves the excess gas
to Node 5. This causes the pressures in the right-hand
side of the network to rise, causing compressor j = 1 to
start a short while later. Finally, the control valve stem
positions in Fig. 5 show how both valves in a compressor
unit work together to ensure stability, especially in the
transient regions. Notice that the CCV with sf opens
fully for large flow rates as per Remark 1, minimising the
valve pressure losses when there is no risk of compressor
surge.

VI. Conclusion
In this paper, we proposed a graph-based gas network

model with dynamical pipelines and compressor units
which achieves balancing through pressure regulation
with bi-directional gas flows. We presented a controller
that regulates the inlet pressure of the compressor unit
to a desired steady state. By showing that the controlled
compressor units are equilibrium-independent passive
(EIP) and combining them with strictly EIP pipelines,
we verified the asymptotic stability of the desired oper-
ating point of the entire network. The stability results
are modular, scalable and topology-independent. Future
work includes using the pressure setpoints of the con-
trolled compressor units along with higher level control-
lers to achieve secondary or tertiary control objectives.
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