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Minimisation of Polyak-f.ojasewicz Functions Using Random
Zeroth-Order Oracles
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Abstract—The application of a zeroth-order scheme for
minimising Polyak-Lojasewicz (PL) functions is considered.
The framework is based on exploiting a random oracle
to estimate the function gradient. The convergence of the
algorithm to a global minimum in the unconstrained case
and to a neighbourhood of the global minimum in the
constrained case along with their corresponding complexity
bounds are presented. The theoretical results are demonstrated
via numerical examples.

I. INTRODUCTION

Zeroth-order (ZO) or derivative-free optimisation schemes
are of interest when the gradient (or subgradient in case
of non-differentiable cost functions) information is not
readily available. A common scenario is the case where
the value of the cost function, and not its higher order
derivatives, is the only information available to the solver
[1] and [2]. Sometimes, even if the gradient value is
theoretically available, evaluating the gradient might incur
high computational costs [3]. ZO methods provide a way
forward for solving such optimisation problems as well. The
majority of existing ZO methods aim to construct an estimate
of the gradient of the function and use this estimate as a
surrogate for the gradient. The method analysed in this paper
is no exception to this general trend.

Various ZO optimisation methods have been designed
and analysed for different problem classes. In [4], a
constrained stochastic composite optimisation problem was
studied where the function is possibly non-convex. The
proposed algorithm in [4] relied on the existence of an
unbiased variance-bounded estimator of the gradient. In
[5], the authors considered the unconstrained zeroth-order
optimisation problem and defined a random oracle which
was an unbiased variance-bounded estimator of the gradient
of a smoothed version of the original function.

The Polyak-Lojasiewicz (PL) inequality was first
introduced in [6] and the convergence of gradient descent
method under PL assumption was first proved there. It is
observed that a range of different cost functions satisfy
the PL condition [7]. Karimi et al. used the PL inequality
to provide a new proof technique for analysing various
first-order gradient descent methods and used proximal
PL condition to analyse non-smooth cases [8]. In [9], a
variant of the direct search method was employed to solve
stochastic minimisation and saddle point problems. The
direct search algorithm which is a derivative-free scheme
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and obtained the complexity bounds for the convergence of
PL functions.

In this paper, we aim to fill a gap in the existing literature
on random zeroth order oracles. We specifically leverage the
class of random method proposed in [S] for optimisation
problems, and establish its performance for the case where
the cost functions satisfy the (proximal) PL condition.
Specifically, we establish the convergence properties and the
complexity bounds of these methods for both constrained and
unconstrained cases. By doing so, we hope to shed some light
on the behaviour of such algorithms when applied to a class
of benignly nonconvex problems.

The outline of this paper is as follows. In Section II
we introduce the necessary background information. The
problems of interest are outlined in III. The convergence
properties and the complexity of the algorithms for solving
the problems of interest are presented in Section IV.
Numerical examples are presented in V and conclusions and
possible future research directions come in the end.

II. PRELIMINARIES

In this section we provide the necessary definitions and
background material required for presenting the results of
this paper.

Consider a function f : R™ — R. The gaussian smoothed
version of f, termed f,(z), is defined below:

fu(z) o %/f(x + Mu)e*%\luwdu’
E

r /67%““|‘2du =

E

(2m)n/2 )

[detB]z’

where vector © € R" is sampled from zero mean Gaussian
distribution with positive definite correlation operator B!
and the positive scalar smoothing parameter p. Define the
random oracle g,, as

aef f(x + pu) — f(x)
(z) = .

where v and B are defined above. The projection operator
on a convex set Z is defined as

Iu Bu, 2)

. def . 2
P = —
10j(x)  argmin]| — o,

where || - || is the Euclidean norm of its argument if it is a
vector, and the corresponding induced norm if the argument
is a matrix.
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Definition 1 (C''! Functions). The differentiable function
f(x) : D — R with D C R"™ as its domain is in Cb! if its
gradient is Lipschitz, i.e.,

IVf(x) = VI < La(Hlle = yll,Vz,y € D, 3)
where Ly (f) > 0 is the gradient Lipschitz constant.
Remark 1. Any f(z) € CY! satisfies

Li(f) y

2
3y =l

fly) < (@) +(Vf(2),y —2) +

Definition 2 (PL Functions [6]). The differentiable function
f(z): D — R with D C R"™ as its domain is termed a PL
function if it satisfies the Polyak-Lojasewicz (PL) condition,
Le.,

SIVI@IP > (@)~ ), ¥ €D, ©)

where | > 0 is the PL constant and f* = f(z*).
We have the following result for PL functions.

Lemma 1. PL inequality implies that every stationary point
of the function is a global minimum.

Proof: Assume that x is an arbitrary stationary point,
V f(z)|| = 0. Substituting x in (5) yields

fl@)—f <0 = f(z)=f"

ie.,

Hence, any stationary point corresponds to the global
minimum.

Definition 3 (Proximal PL Functions). Consider the function
F(z) = f(x) + h(z) where f(z) : D — R with D C R
is a differentiable function over as its domain and h(x) is
possibly nondiffrentiable. The function F(x) is a proximal
PL (PPL) function if it satisfies the PPL condition on a set
X with positive constant 1, for all x € X, i.e.,

SR, Li(f) > I(F(a) ~ F(a), (©)

where
Qz,a) ¥ - 2alzréi§(1{%||z — |2+
(Vf(z),z = x) + h(z) — h(z)}

with a being a positive scalar.

)

The Proximal PL condition is a generalisation of the PL
condition (5). To see more examples, refer to [8].

To state complexity results we use the big-O notation in
the sense defined below.

Definition 4 (The big O-notation). Suppose f(z) and g(x)
are two positive scalar functions defined on some subset of
the real numbers. We write f(z) = O(g(z)), and say f(z)

is in the order of g(x), if and only if there exist constants K
and M such that f(x) < Mg(z) for all x > K.

III. PROBLEMS OF INTEREST

In this paper we study the performance of a random
zeroth-order method for optimising PL functions for both
unconstrained and constrained cases. Specifically, first, we
study the following unconstrained problem

min

z€RM J(@) ®

where f : R" — R is in C!, satisfies the PL condition (5),
and is bounded below.
Later, we will focus on the following constrained problem:

f(@), (€))

where X is a compact convex set in R™ with diameter d,
and f(x) is in C*! and F(z) = f(x) + Zx(z) satisfies (6)
where Zx (z) is the indicator function of set X, i.e.,

IX(x):{o reX

min
TEX

oo ¢ X.

The boundedness of X and continuity of f(x) guarantees
that the problem has a solution.

IV. MAIN RESULTS

In this section, we establish the convergence properties
and the complexity bounds of a well-known class of random
zeroth-order algorithms proposed by Nesterov and Spokoiny
in [5] for minimising (proximal) PL functions. We consider
both unconstrained and constrained cases.

A. Unconstrained Problem

In this subsection, we study the unconstrained problem (8).
The framework introduced in [5] is recalled in Algorithm 1,
where x is the initial guess, hy is the step size and N is
the number of iterations.

Algorithm 1 RS,

1: Input: g, u, hg, N

2: for k=1,...,N do

3 Generate u

4: Calculate g,,(xy) using (2)
5 Thy1 = T — hegu(xr)

6: end for
7: return Typ41

The following theorem characterises the convergence
properties of Algorithm 1 applied to problem (8).

Theorem 1. Let the sequence {xy}ip>0 be generated by
Algorithm 1 (RS,), where f(z) € CY' and satisfies PL

condition. Then, for any N > 0, with hy = m,
we have

—— N (@, - ) <
N+1]§(kf)_ I N+1

3u? 4
L 3wntd)
32

z 8(n + 4)L1(f) {f(xo) —

L] + G200 + 07,

(10)
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where @, "< Ey [f(z
Also, Uy, = {ug, uq, ...

k)] for all k > 1 and g = f(xz).
,Up—1} and n is the dimension of x.

Proof: From [5, Equation (12)], we know that if f €
C"1, then f, € CY' and Lyi(f,) < L1(f). Thus writing (4)
for f,(x) at points 3, and x4

Fu@rs1) <fu(@r) — bV fu(@r), gu(zr))
+ SR () g

From [5, Equation (21)], we know for a function f(z) we
have

Vi

(1)

311l Bydu.

/fxﬂw fl@) -

From the definition of g,(x) and the term obtained for
V fu(x), we have E,[g,(x)] = Vfu(x) (it means g,(x) is
an unbiased estimator of V f,,(x)). Taking the expectation in
uy, yields

Ey, (fu(xk-i-l)) Sfu(xk) - thvfu(xk)HQ

1 (12)
+ AL () B, o))
For a function f € C1! from [5, Lemma 5], we have
Eu[llgu(@)|’] <4(n + D[V fu(@)|? (13)

+ 32 L3 (f) (n + 4)°

Substituting (13) in (12) and noting L (f,) < Li(f), we
obtain

By (fu(@rs)) < fulon) = hillV fu(on) 1P+

1
FMLa(f) A+ DIV fu(zo)l* - A4)
+3u* L3 (f)(n +4)%) .
14
Buy (fu(wri1)) < fulwn) = ShIIV @)l s

3u®

Taking the expectation of this inequality with respect to
Uk—1 = {uo,u1,...,ux—1}, we obtain

1. o 3u?(n+4
By < by — iz I )
2 32
where 27 = Ey, (||Vfu(xx)||?). Considering f* <
f(xn+1) and summing (16) from &k = 0 to k¥ = N and
divide it by N + 1, we get
N
1 —2 f(xO) - [
S = st an (=l
N+1 — N+1 a7
3ut(n+4)
L
B L))
From [5, Lemma 4], it is known that for a function f € C1:!
2
7
IVF@)I < 2A[VEu(@)I* + S LI +6)7. (18)

From (5) and (18) one concludes
20(f(x)—f*) < |V f(aw)l]?

) 19)
< 2V fulzi)l[” +

SL(Dm+6)°,

Taking the expectation of this inequality with respect to Uy,

2
Eu (U (o) ) < 6 < 223+ L2 () (n+6)°,

where 07 = Ey, (||V f(zk)||?). Summing the inequality from
k=0 to k= N and dividing it by N + 1, yields
1 & -
L N (@ — )< —— ST 2
N+1kz::( b= s 21(N+1)Z_: &
a IS
L2
N + 1 Z Jr 1

In a practical 1mplementat10n, we might be interested in
identifying the “best” solution guess at any step N. To this

(20)

2D
)(n +6)3.

aim, define iy < argmin[f(z) : « € {xzo,...,zNn}]
Hence, ¢
| X
EMN—I(f(‘TN)_f )S N+1k§0(¢k_f ) (22)

Remark 2 (RS, Complexity, Parameter Selection, and
Solution Error Bound). If p is in the order of O(W‘Lﬁlm)

and N is in the order of (’)(%e(f)) it is guaranteed that
Eyn_, (f(ZN)) — [* < € for some positive scalar e.

In comparison with the non-convex smooth case in [5],
from the properties of PL functions the convergence is to
a global minimum (see Lemma 1). Also, comparing the
bounds in these two cases, for the case where [ > 1 one can
obtain the same error bound, i.e. €, with fewer iterations. The
number of iterations is inversely proportional with [.

B. Constrained Problem
Now we will focus on the problem (9). This problem can
be reformulated as

nin f(z )+ Zx(x),

where Zx(z) is the indicator function of X . The new
scheme for constrained problem is defined in Algorithm 2. In

Algorithm 2 RSc,,

1: Input: zg, hk,u, N

2. fork=1,...,N do

3: Generate U
4: Calculate g, (x)) using (2)
5: Tht1 = Tk — hkgu(l'k)
6:
7
8

© o @py1 = Projy (Trqr)
: end for
:return Tp4q

Algorithm 2, the projection is used to ensure that the output
sequence is completely in the feasible set.
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Before proceeding further,
auxiliary variables:

we define the following

def 1

Px(x,g(x),h) = E[x — Projy(z — hg(x))], (23)
_— Px(x, gu(zr), hi), (24)
vk & Py (g, V(o) hi)- (25)

In the unconstrained case we had zy1 = xx —hig, (k). In
the constrained case, from Algorithm 2, (23), and (24), we
can see that xy11 = xp — hySk.

Before stating the main result, in what follows, we propose
a lower bound for the value of an operator that plays a crucial
role in proving the main result of this section.

Lemma 2. Consider problem (9) where f(x) € CY1 is a
proximal PL function in the sense of Definition 3, we have

T(xk, L1(f)) = 21(f (zx) = f(27))

) 26
Ly (D20 32, — 2Ly (P,
where
def Q2
T(x,a) = 2(1?%121(1{2”2 x|| 27
+{(9u(2), 2 — ) + Zx(2) — Tx(2)},

for a positive scalar a.

Proof: From the definition of PPL functions, we have
20(f (x) — f(z *)) < Qg L1(f))
< 2, (P jz -y
+(Vf(zr),z - afk))
1

2Ly (Nmin( e 4 (9 fu)
2= Tp) + < f(zr) = Viu(or), 2 — xi)

3 Ll( Dty 12
< —2L4(f )mln( |z = 2k||* + (Vfu(2r)

V2= Tk) = ||Vf(~’0k) = Viulen)llllz = xl]),

where the second inequality is a consequence of evaluating
(7) for zj, € X and noting that Zy (x)) = 0. From [5, Lemma
3], for a function f € C*!' we have
I
IV F(x) = Vful@)l] < GLi(H)n+3)"2 @8)

From (28) and ||z — x|| < d,, for all z € X, we have

(S () ~ 1) < Qs L)
< 21, (/ymin( D -y
()2 — MO £ 3e
< 2L (gL = -l + ()
=) = |l — LD £

where &, def gu(zr) — V fu(zr). Rearranging above terms
completes the proof.

Before stating the main result regarding the performance
of Algorithm 2, we present the following lemma on the

variance of the random oracle g, ().

Lemma 3. Random oracle g, (x) is a variance bounded
unbiased estimator of V f,,(x). That is

Eulllgu(ax) =V fu(@)|’] < ok, ok > 0.

Proof: We know that E,[g,(z)] =

Vfﬂ(wk) so we
have Ey[||g.(zk) — 1171

Vu@)|P] < Eulllgu(@0)]?] < of-

Remark 3. An upper bound for E,|[||g,(xx)||?] can be
obtained. For example, from [5, Theorem 4] we know for a
function f € C%° we have E,[||g,.(2)||?] < Lo(f)*(n+4)?
and for a function f € CV' we have E,[||g,(z)|]*] <

L2(f)(n—|—6) +2(n+4)||Vf(x)||?. These upper bounds
can be used as candidates for 0,%.

Theorem 2. Consider problem (9). Let the sequence
{xk k>0 be generated by RSc,,, when f(z) € C1! satisfies
the proximal PL condition in the sense of Definition 3. Then,
for any N >0, with hy, = Lllf), we have

gq)k ) < Lll(f) f(xt;zflji(x*)

L pds Ly (£ (n + 3)* S

Ll(f)dr
2 TS kZ:OJk
1 N
2
TSy kzzo"’“

where @), %< Euy, [f(zk)] for all k > 1, &g = f(z0), o
is given in Lemma 3, Uy, = {uo,u1,...,up—1}, n is the
dimension of x, and d is the diameter of the feasible set.

c Cl’l

(29)

Proof: From [5, Equation (12)] we know f,(x)
Writing (4) for f,(x) at points z;, and xj1, yields

Fulein) < fulon) + P

+ (Vi u(zr), Ter1 — k)

<l + P

+{(gu (@), Thg1 — 2r) — (ks Thy1 — Tk)

< ful) = gy L) + Bl
< @) = g5 Tow ()

+ Ry Sk — Vi) + P (ks Vi),

where the third inequality follows from (27), zx € A, and
the fact that

T(op, I () = ~2L (i D )12 2

+ {(gu(wr), 2 — $k>}
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= —2L4(f) (L12(f)

+ <gu(xk)a$k-+1 - $k>)

zks1 — ail?

The last equality above follows from the definition of the
projection operator. Taking expected value with respect to
uy, and considering Lemmas 3 and 4 in the appendix, and

hi = #(f), leads to
By [ fu(@e1)] < fu(@r)
2L1(f)Euk [T(xk'a Ll(f))] + Ll(f) .

Taking the expectation with respect to {f;_;, we have

EUk-, [T(xlw Ll(f))} < 2L1(f)(q)k+1 -

Summing over k = 0 to K = N and dividing it by N + 1,
results in

E L
N+1Z [T (@, L1 (f) Nl

Also, taking the expectation of (26) with respect to uj and
then Uy _1, summing over kK = 0 to £k = N, dividing it by
N + 1 and using Lemma 5 from the appendix, yield

®y) + 207

9 X

m (I)k — f(a") < Mdle(f)Q(n + 3)3/2

2L (f Z o

N+1ZE“k (@i, Lo ()] + N+1

Thus, we have

1 & o D) flxo) —
I

L Ly (n+3)Y 3

21 N+1Z

k=
1 N
+ o2,
l(N+1)kZ:% k

In a practical implementation of the algorithm we might be
interested in keeping track of the best guess for the optimum
solution at any given step /N. As in the unconstrained case,
let this best guess be denoted by Z = arg mzm[f(x) tx €

{J}Q, ce ,l‘N}] Thus,

fz")
N+1

1 N

EuN—l(f(‘%N) - m
k=0

fr) < (= f7).

Remark 4 (RSc, Complexity, Parameter Selection, and

Solution Error Bound). If pu < m, N is in

the order of O (Lll—g)>, and denoting o = m]?x[ak k€
{0,...,N}], then
. N L dyo 2
By (fliw) — ) < e PUET 00 )

for some positive scalar €. Thus, we can guarantee that there
exists an integer N such that for all N > N, Ey,,_, f(zr)
is in a neighbourhood of f* for an appropriate choice of p.

Similar phenomena are observed consistently in the
literature on constrained non-convex problems, where this
effect has been reported for different algorithms, see e.g.
[4], [10]. Note that similarly to the unconstrained case [
appears in the denominator of the iteration number order
term. Additionally, the two terms on the right-hand side of
(30) are inversely proportional with [. Also, it can be seen
in this case due to the choice of h;, the number of iterations
is not dependent on the dimension of x, but we know that
hi € (0, 7y) and in fact NV is in the order of O(y;~) for
the more general case.

V. NUMERICAL EXAMPLES

In this section, we consider two scenarios. In both
scenarios we study the performance of Algorithms 1 and
2 applied to unconstrained and constrained least square
problems. Specifically, the objective function is assumed to
be ||Az — b||?, where A € R™ ™ (n > m), z € R", and
b € R™. The function is not strongly convex but it satisfies
the PL condition with [ = 2||AT||? and is in C1'! with
Li(f) = 2/|AT A]|.

Scenario 1: In the first scenario, we consider an
unconstrained least-squares problem of the form introduced
above with m = 100 and n = 1000. In light of Remark 2,
we choose € = 0.01 and consequently we set ;1 = 10~7 and
N = 200000. Matrix A rows are sampled from N (0, I,,)
and b = AZ + w, where Z sampled from AN (0,1) and w
from A(0,0.01). Moreover, the initial condition vector is
sampled from N(0,1). We explore the performance of the
algorithm for two step sizes m ~ 1077 and 1076.
We repeat the example for 25 times. The empirical mean of
best guess for the optimum solution (f(Zy)) over 25 runs
and upper bound calculated in (22) is presented in Fig. 1. As
it was shown in Theorem 1, by increasing the step size the
convergence to a neighbourhood of the solution would be
faster, but this comes at the expense of larger error bounds.

Scenario 2: In this scenario we consider a constrained
least squares problem with the same problem parameter
choices as the previous scenario except for pu. From
Remark 4, given the same value for € as the previous case,
we choose p = 1071 and N = 200000. The constraint set
X is assumed to be X = {z € R"|z; € [-0.5,0.5],Vi €
{1,...,n}}. We explore the performance of the algorithm
for two step sizes Wl(f) ~ 107 and 10~° (both are less
than #(f))' The empirical mean of objective function value
in iterations generated by Algorithm 2 over 25 runs are
depicted in Fig. 2. The effect of additional error terms in
the constrained case can be seen by comparing the figures
at point 10% iterations for hy = 107 cases and at point 10°
iterations for hj = 10~ "cases.

VI. CONCLUSION AND FUTURE RESEARCH DIRECTIONS

The application of a zeroth-order scheme using random
oracles for minimising PL functions with or without
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1010

107

10

10t

Inequality (22)

upperbound, h = le — 7

Best choice,h = 1le — 7
Best choice,h = le — 6

100 10! 10° 10° 10* 10°
Number of Iterations

Fig. 1. The evolution of the empirical mean of f (&) and the calculated
upper bound versus the number of iterations in Scenario 1.

10°
102 ﬁ

107!

= 107
1077
1“710

1071

hp=1le—T7
hi=1le—6

10° 10t 10? 10° 10* 10°
Number of Iterations

Fig. 2. The evolution of f(zj) versus the number of iterations. Note that
in this case f(z*) = 0 in Scenario 2.

constraints was discussed. For the unconstrained problem,
the convergence properties of the proposed algorithm
were studied. Additionally, the complexity bounds for the
algorithm along with guidelines for selecting algorithm
parameters were introduced. Next, a generalisation of the
PL inequality was exploited to establish the convergence
of the algorithm for solving constrained problems. Similar
to the unconstrained case, complexity bounds were derived.
Numerical examples were presented to illustrate the
theoretical results. An immediate future step is extending
the analysis of the constrained case to the case where the
constraint set is unbounded. Another possible future direction
is applying similar techniques for solving minimax problems
using zeroth-order oracles of the type studied in this paper.

APPENDIX
A. Auxiliary Lemmas

Lemma 4. Let & def gu(xr) — Viu(xk). From [4,
Proposition 1], it implies that (&, s, — vi) < ||&x][2.

Lemma 5. For a function f(x) with smoothed version f,(x)
and random oracle g,,(x), we have

Euk[kaH] S Ok, Ok Z 07

where &, = gu(lvk:) — V fu(zy).

Proof: Due to Lemma 3, E,,[|[¢]?] < o7. From
Jensen’s inequality, we have

By (1! < Eu[l1€:7).
Thus, Ev, [||€k]l] < o
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