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Progressive Smoothing for Motion Planning in Real-Time NMPC
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Abstract— Nonlinear model predictive control (NMPC) is a
popular strategy for solving motion planning problems appear-
ing in autonomous driving applications that include collision
avoidance constraints. Non-smooth obstacle shapes, such as
rectangles, introduce additional local minima in the underlying
optimization problem. Using smooth over-approximations, e.g.,
ellipsoidal shapes, limits the performance due to their conser-
vativeness. We propose to vary the smoothness and the related
over-approximation by a homotopy. Instead of varying the
smoothness in consecutive sequential quadratic programming
iterations, we use formulations that decrease the smooth over-
approximation from the end towards the beginning of the
prediction horizon. Thus, the real-time iteration scheme applies
to the proposed NMPC formulation, i.e., only one quadratic
program needs to be solved at each time step. Different
formulations are compared in simulation experiments and
shown to successfully improve performance without increasing
the computational burden.

I. INTRODUCTION

Motion planning problems with obstacle avoidance are
efficiently solved by derivative-based nonlinear optimiza-
tion algorithms such as sequential quadratic programming
(SQP) [1]-[6]. These algorithms pose limitations on the
problem formulation to obtain beneficial numerical prop-
erties. Among others, a major desired property is smooth-
ness in the constraints. Particularly for obstacles, which
in autonomous driving (AD) applications are surrounding
vehicles (SVs), it was shown that ellipsoids achieve superior
performance compared to other formulations [7]. However,
ellipsoids over-approximate the supposed rectangular SV
shape by a large extent. Tighter formulations, such as higher-
order norms can more accurately represent the shape, given
an initial guess sufficiently close to an optimum [8], [9].
However, rectangular and higher-order ellipsoidal SV shapes
are prone to introduce local minima and linearizations are
discontinuous due to the obstacle corners. Thus, numerical
solvers may get stuck in local minima, as shown empirically.

The presented idea builds on the assumption that pre-
dictions at the end of the horizon are more uncertain and
planned motions can more easily be adapted. This flexibility
makes the accurate SV shape less important which we exploit
to represent the SV with more favorable numerical properties
near the end of the horizon. The shape is transformed
to a more non-smooth one towards the beginning of the
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Fig. 1.  Progressive smoothing with the proposed ScaledNorm of the
obstacle shape along the prediction steps ¢ € {0, N/2, N} for an NMPC
prediction of NV steps at simulation time tsjy, = to (first row) and tgi, = t1
(second row). The ScaledNorm is smoothest for ¢ = N and tightest
for ¢ = 0. Each plot shows the linearization of the ScaledNorm at the
corresponding prediction step.

horizon, cf., Fig. 1, where the uncertainty and flexibility
are lower. Moreover, the receding horizon shifting of the
previous solution provides a good warm start to a desirable
local minimum. The loss of optimality due to constraint
over-approximation can be reduced significantly if the over-
approximations are rather tight near the beginning of the
horizon. We refer to the proposed shape transformation
as progressive smoothing with the particular constraint for-
mulation ScaledNorm.

The novel approach builds on nonlinear model predictive
control (NMPC) in the Frenet coordinate frame [7], which is
summarized in Sec. II. The ScaledNorm and two alternative
formulations, referred to as LogSumExp and Boltzmann, are
introduced and analyzed among their essential numerical
properties for obstacle avoidance in Sec. III. Within closed-
loop simulations, the performance is compared in Sec. IV,
including the overtaking distance, the susceptibility for get-
ting stuck in local minima and the computation time.

A. Related Work

An abundance of authors have successfully applied NMPC
for AD with obstacle avoidance [2]-[6], [10], and an accurate
representation of obstacle shapes is a major concern.

Due to favorable numerical properties, over-approximating
ellipses are used in [11], [12]. The authors in [8], [9], [13]
introduce higher order norms and [14] uses the infinity norm.
However, as shown within this work, they are susceptible to
getting stuck in local minima. Several covering circles [15],
[16], a smooth infinity norm approximation [10] referred to
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as ReLU?, or separating hyperplanes [12], [17] are used to
more accurately capture the shape, however, as shown in [7],
the performance is worse compared to ellipses on several test
examples.

The authors in [8] use homotopies combined with SQP
iteration to improve convergence by smoothing obstacle
shapes. Progressive smoothing refers to the idea of progres-
sively smoothing and expanding obstacle shapes along the
horizon. Equally, this can be formulated as progressively
tightening the feasible set along the horizon as it was
introduced in [18], [19]. In [18], the authors reformulate
constraints as costs on a part of the horizon for reduced
computational complexity. Despite originating from a differ-
ent idea, asymptotic stability for a general class was shown
for tightening in [19].

B. Contributions

We contribute a novel formulation for progressive smooth-
ing of obstacle shapes and a numerical analysis with respect
to obstacle avoidance for NMPC. In addition, we introduce
two alternative formulations for progressive smoothing. Their
performance in closed-loop simulations is evaluated and
highlighted against other state-of-the-art formulations.

C. Preliminaries

For index sets the notation I(n) = {0,1,...,n} is
used. Furthermore, Z* refers to the strictly positive integer
numbers. With the operator [z];, the i-th element of the
vector € R™ is selected and the expression |z] is used to
denote the floor(-) function, i.e., rounding down. The spatial
derivative is z’.

II. PROBLEM SETTING

The problem of motion planning and control of an au-
tonomous vehicle is considered. Particularly, a vehicle is con-
trolled in a structured road environment that either involves
driving along a certain reference lane or approximating time-
optimal driving for racing applications [3], [20], [21] while
avoiding SVs of a rectangular shape.

As shown in several works [2]-[5], [7], [22], using
NMPC with a model formulation in the Frenet coordinate
frame (FCF) yields state-of-the-art performance. Notably, the
presented method is independent of the coordinate frame
chosen for the model representation. However, the model
representation is essential for the NMPC formulation. In the
following, the basic concept of the FCF NMPC is defined.

The FCF transformation projects Cartesian position
states p*°" € R2?, together with a vehicle heading an-
gle ¢ € R into a curvilinear coordinate system along a
curve y(o) : RT — R? that is parameterized by its arc
length 0 € RT. The so-called Frenet coordinate system is
described by the tangent unit vector 7 (o) = /(o) and the
normal unit vector N'(o) = T'(c) || T"(c)||". The angle
of the tangent vector T(s) is denoted by ¢7(s). Cartesian
states ¢ = [p"P'T, @] can be replaced by the FCF
states ' = [s, n, B]T, where the longitudinal state s is

s(t) = argmin [ (1) ~ (o),

Fig. 2. Sketch of the considered SV in Frenet coordinates. The occupied
spaces for the ego vehicle O°° and the SV OSV are approximated by
rectangles that contains all road-aligned configurations with a maximum
heading angle .

the lateral state is

n(t) = (1(s(0) ~ 2" (1)) M(s(2)

and the heading angle mismatch is 8(t) = ¢(t) — ¢7(s(t)).
Using the FCF states yields the state vector z =
[s, mn, B, v, 6], including the steering angle § and the
velocity v. The inputs are u| = [F'4, 7] with the longitudinal
acceleration force F'Y and the steering rate r. According
to [7], the dynamic equations of the FCF kinematic single-
track model are

v cos(B)

1—nk(s)

vsin(f)
&= f(z,u) = ﬁtan(é)—% ) (1)
(F = s ()
r

1
m

where lyp is the wheelbase and x(s) = ||77(s)|| is the
curvature. The function F™(v) = ca0? + cronsign(v)
models the air and rolling friction with constants c,;; and
Croll-

Taking the Minkowski sum of rectangular shapes for the
ego and for an SV yields an inflated rectangular shape that
allows to consider the ego vehicle as a point mass [23],
cf. Fig. 2. We formulated collision avoidance as planning
a trajectory outside of the rectangular shape in the FCF.
Notably, rectangular shapes in the Cartesian coordinate frame
can be integrated by techniques described in [7].

Pivotal to this work is the accurate representation
of rectangular obstacle avoidance constraints. The over-
approximated and inflated SV shape has the length [, the
width w, summarized in § = [I, w]' and the SV state is
z =[5V ,n% BV, v%V, §V]T. With a scaling matrix

and the projection matrix P, € R?*5 that selects the position
states, the SV shape can be normalized via the transformation
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v :R?2 — R2, defined as
v(p;z,0) = A(0)(p — Pp2), (2)

which is linear in p. With the normalized square denoted by
B={cer? el <1},
the obstacle can now be described as the following set
O%*(z,0) = {p € RQ‘y(p;z,G) € B}.

A superscript j is used to refer to a particular SV. Accord-
ingly, the obstacle-free space concerning a single obstacle
described by the state z7 and parameters 6’ can be written
as

FVH(2I,07) = {p € RQ‘p ¢ OV (2, 9j)}- )

Besides obstacle avoidance constraints, further constraints
can be expressed for the states by the admissible set X and
for the control inputs by the set /.

In the following, the nominal NMPC formulation is in-
troduced, which uses the exact obstacle formulation in the
free set of (3). A nonlinear program (NLP) is formulated
by direct multiple shooting [24] for a horizon of N steps.
The model (1) is discretized with a step size tq to obtain
the discrete-time dynamics z; 1 = F(x;,u;;tq). By setting
a reference for states Z; and controls %; = 0 in the FCF with
weights Q and R, and using a projection matrix P, € R'*?
that selects the velocity state, the NLP is

N-—-1
amin Y fluillg e - ElG+ ey — 2nllg,

BTN o —

(4a)

s.t. 2o = o, (4b)

Tip1 = F(xs,usta),i € I(N — 1), (4c)

u; €U, iel(N—-1), (4d)

z; € X, i € I(N), (4e)

P,xy =0, (40)

P,x; € F(27,67),i € I(N),
jeELM —1). (g

The NLP (4) is linearized at the previous solution to obtain
a parametric quadratic program (QP), which is solved within
each iteration of the real-time iteration (RTI) scheme [1]
after obtaining the state measurement Z. Note that the
control admissible set also contains constraints for the lateral
acceleration, cf. [7]. The ego vehicle is considered safe
with zero velocity and no constraint violations. Hence, for
simplicity, the equality constraint (4f) is used as a terminal
safe set to obtain recursive feasibility.

III. PROGRESSIVE SMOOTHING IN REAL-TIME NMPC

In the following our main contribution is introduced, an
NMPC scheme that replaces the highly non-smooth con-
straint (4g) by a formulation that is successively smoothing
the constraints along the prediction horizon.

The outstanding performance of the ellipsoidal constraint
formulation [7] can be explained by favorable linearizations
within SQP iterations that are often used to implement
NMPC [25]. The ellipsoidal SV shapes are smooth and
aligned with the road. Successive linearizations allow the
shooting nodes to traverse around the smooth shape of
the collision region. We use higher-order norms that are
progressively smoothed along the prediction horizon and
referred to as ScaledNorm. At the last prediction step IV,
the ScaledNorm is equal to the ellipsoid.

In the following, we use generalized coordinates & €
R™ for introducing the smooth over-approximations of the
unit hypercube. For the considered vehicle motion planning
problem, we have n = 2 and £ is obtained via the linear
transformation in (2), i.e. £ = v(p; z,0).

Formally, given two continuous functions f(§) : R” — R
and ¢g(§) : R® — R, a homotopy map that depends on a
homotopy parameter o € [a, @], with @ € R U {oo}, is
a continuous function o(§, ) : R™ x [a,a@] — R, with
o(€,a) = f(€) and o(&,@) = g(¢), for all £ € R™.
The concept of a homotopy map is used in the following
to transition from a smooth constraint o(§,a) to a tight
constraint o(§, @).

Convexity of the SV shape in £ is essential since it
guarantees safe over-approximation within SQP iterates,
cf. [7], [26]. The tightening property is crucial for recursive
feasibility and is defined as follows.

Definition IIL.1. A homotopy o(§,a) : R™ x [a,a] — R
is monotonously tightening with an increasing «, if for all
Qg > g

{€ eR"|o(§,a2) <1} C{L €R"|o(§, 1) < 1}

The property of over-approximation is used to describe
whether for any value of the homotopy parameter @ € [, @],
the smooth shape is over-approximating the rectangular
shape B.

Definition IIL2. A homotopy o(¢, ) : R™ X [a, @] — R is

an over-approximation of B, if for a € [a, @] it holds that
B C {{eR"o(§,a) <1}.

Definition IIL3. A homotopy o(€, ) : R” x Rt — R is

tight w.r.t. B if it is an over-approximation of B and

lim {¢ € R"|o(¢,a) <1} = B.

A. ScaledNorm Formulation

The proposed ScaledNorm formulation is given via the
homotopy oP(&; «) defined as

(&) = (izw) 7
i=1

with homotopy parameter « € [2, 00). Note that oP(£; &) can
be expressed as oP(§;a) = [[n~w €|, where | - ||, denotes
the standard p-norm. For o = 2, the set OP(a) = {€ €
R™|oP (&, ) < 1} corresponds to a n-ball of radius /2. For
o — 00, we recover the unit square.
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Property

Progressive Smoothing
Convexity
Over-approximation
Homogeneity

Exact slack penalty

A | Sealeay,,,

x| LosSumy,
Bo,

ENR SN N fZIﬂann

NN S N X | Pnor
X X% N A% | ReLp2
NN A X% | Cov. CiTCIes

TABLE 1
PROPERTIES OF THE CONSIDERED OBSTACLE FORMULATIONS.

The following lemma shows that the ScaledNorm formu-
lation is monotonously tightening and over-approximating,
as well as convex in &.

Lemma IIL.1. The homotopy oP(&; o) with « € [2,00) and
defining the sets OP(a) = {& € R"|oP(¢,a) < 1} has the
following properties:
(i) The function oP(&; @) is convex in &.
(ii) The sets OP(«) are over-approximations of B.
(iii) The sets OP(«) are monotonously tightening in «.

Proof. (i) Convexity in ¢ follows directly from convexity of
the a-norm for « € [2, 00).
(ii) Regard ¢ € R™ and let &payx = max; |€;|. We have

1 n N [e7
0p(§; Oé) < E Z |§max| = &max,
i=1
which shows oP(§; ) < ||{]|s and thus B C OP(a).
1 1
(iii) Let a1 < cva. With [|€]|a, < no1 ™ 22 ||£]|q,, We obtain

oP(& o) =n 1 fl€lla, < ez||E]la, = 0P (& az).
O

B. Alternative Formulations

We compare the proposed progressively smoothing
ScaledNorm formulation to five alternative constraint for-
mulations: (a) a higher order norm formulation [9] that is
constant along the prediction horizon; (b) the ReLU? formu-
lation as introduced in [10]; (c) three covering circles [15];
(d) a progressively smoothing LogSumExp formulation; (e)
a progressively smoothing Boltzmann formulation. Their
properties are summarized in Tab. L.

A visual comparison of the three progressively smoothing
formulations — the ScaledNorm formulation, the LogSumFExp
formulation, and the Boltzmann formulation — is given in
Fig. 3.

The LogSumExp formulation is defined via

0"(E;0) = Me(@) g 5 > explay) + exp(—aty),
i=1

with homotopy parameter & € (0,00) and normalization
constant 7j.(¢) given as

1
~ log(3(exp(a) + exp(—a)))

Mse ()

ScaledNorm LogSumExp Boltzmann
square — square — Square
i o, =14.207 i ge =13.863 E apm =3.502
— ap =3.321 — Qg =2.703 — Qpm =1.548
1 o, =2.000 b s =0.004 - — apm =0.003
— P —
T T T
0 2 0 1 2 0 1 2
& & &

Fig. 3.  Obstacle shape smoothing in normalized coordinates for the
set o(§, ) = 1. The associated tightening parameters c.y are smoothed
from a square shape (black) to a circle (magenta). The values of oy} are
chosen, such that the approximated widths and height are equal, measured
at the axes. Notably, the non-convexity of the Boltzmann approximation can
be seen for high values of ap,.

The corresponding sets O'¢(a) = {¢ € R?|o™*°(¢,a) < 1}
over-approximate the unit square. For o« — 0, we obtain
OP(2); and for o — oo, we recover the unit square as illus-
trated in Fig. 3. Furthermore, convexity of the LogSumExp
function implies convexity of the sets O'¢(a).

The Boltzmann formulation, which is based on the Boltz-
mann (also soft-max) operator, is given as

Soi &explag;) — & exp(—ag;)
iy exp(ag;) + exp(—a&;)

with homotopy parameter & € (0,00) and normalization
constant 7y, () defined as

"™ (&; ) =1pm (cv)

)

_ exp(a) + exp(—a)
Mom(®) = (@) —exp(—a)’

As illustrated in Fig. 3, the sets OP™(apm) = {¢ €
R™[0P™ (¢, appm ) < 1} over-approximate the unit square. For
a — 0, we recover the set OP(2); and for « — oo, we
obtain the unit square B. However, the Boltzmann function
is nonconvex as illustrated by its nonconvex sublevel sets
shown in Fig. 3.

C. Constraint Linearization and Homogeneity

During SQP or RTI iterations, the constraint function is
linearized at the current iterate, here denoted by f , to derive
the QP sub-problem. The following lemma shows that the
linearization of the constraint is exact in the direction of the
linearization point, i.e. the separating hyperplane obtained
by linearizing the constraint is tight if the ScaledNorm
formulation is used.

Lemma IIL2. Let oﬁn(g;é, ) denote the linearization of
oP(&; ) at a linearization point £ # 0. It holds that

o (1E: €, @) = 0" (1 )
for all v € 0,1].
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Constraint linearization in generalized coordinates
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Fig. 4. Linearized constraints ol{i'n}(-) > 1 & &> §{'} for the
generalized coordinates £ at an linearization point £ = [gl,O]T for the
smoothest approximation, i.e., ap = 2 and ojge = apm ~ 0. Related

separating hyperplanes, i.e., ol{i'n} (-) = 1 are shown in the upper plot and the
linearizations of the obstacle shape functions o{'}(-) along &1 for &2 =0
are shown in the lower plot. Any p-norm is homogeneous, thus also for the
ScaledNorm formulation it is true that { = &P for any linearization point £.

Proof. The partial derivative of oP(£; «) is given as
do” s\
3 oy e (1) s
o, € =2z el )

from which we conclude that Veo?(£; a) = VeoP (v€; ) for
any v € [0, 1]. For £ = v¢, we thus obtain

~ 1 ~ ~ ~
P(€0) = P (Ea) + / Veo (€4 7(€ — E);a)(€ — &) dr
= 0P (§; ozz + Vedh (&€, )T (€ —€)
=0, (&€ ).
O

This property, which is due to the homogeneity of the
norm, is not shared by the Boltzmann and LogSumExp
formulation as illustrated in Fig. 4.

D. NMPC Formulation using Progressive Smoothing

For each of the tightening formulations, a scheduling
function o{P"**"™} is used that parameterizes the tightening
parameter « according to the prediction time. Consequently,

for each SV j and prediction step ¢, the free set is
Fiplsebmd i g7y —

o 5
{p < RQ‘O{p’ISC’bm}(p; afprebmd 2 giy > 1}, ®

and replaces the exact but non-smooth SV constraint in (4g).
The parameters «\”"**"™} parameterize the shape along the
NMPC prediction index 7 and yield the smoothest over-
approximation for ¢ = N and the tightest for ¢ = 0.

Corollary II1.1. With any of the three constraint homotopies,
the resulting NMPC formulation satisfies recursive feasibility
if the homotopy parameters « are chosen as a non-increasing
sequence, i.e., o; > oy for i <.

Proof. This follows directly from the tightening property
together with the terminal constraint vy = 0. O

E. Implementation using RTI Scheme

In the RTI scheme for NMPC, only one QP is solved per
time step, where the QP is constructed by linearizing around
the shifted solution guess from the previous time step. Due to
the high sampling rates of the controller and relatively slow
parameter changes in the problem, the RTI solution tracks
the optimum [1] over time.

The presented algorithm is particularly suited for RTI since
the shape parameters « along the horizon remain constant
throughout iterations. A contrary approach would be to solve
several QPs in one time step with an increasing shape
parameter « in each iteration, i.e., a homotopy in «, but
equal for the whole horizon. The latter requires multiple QP
iterations per time step and is therefore computationally more
expensive than the RTT scheme. Additionally, the initial guess
at the beginning of each next time step could be infeasible
due to the smoothed constraints.

The homogeneity property of the ScaledNorm formulation
is particularly beneficial for RTI since even if the SQP
method did not fully converge, the linearization is exact.
Thus, no over-approximation error due to the linearizations
is made.

IV. SIMULATION EXPERIMENTS

Within closed-loop NMPC simulations using a single-track
vehicle model, it is shown, how the progressive smoothing
of obstacle shapes outperforms the ellipsoidal formulation
of [7], the approach of [10], referred to as ReLU?, covering
circles [15], [16] and higher-order ellipsoids fixed along the
whole horizon [9].

As an illustrative example, an evasion of two static obsta-
cles is simulated for the ScaledNorm and the 2-norm, where
the planned trajectories and the actually driven trajectories
are compared, cf., Fig. 5. Furthermore, two randomized
scenarios are simulated while evaluating key performance
indicators.

A. Setup

The experiments involve two different simulation setups,
where each experiment highlights a representative key per-
formance indicator. Both experiments involve a randomized
road, a simulated ego vehicle and one slower preceding SV,
formulated as single-track models as in [7]. The simulated
states are &; at the simulation time ¢ = itq. One single
simulation is executed for ¢g,,, = 15 seconds, corresponding
to Ngim = tt—dm simulation steps, which generously allows
overtaking. Parameters for both vehicles are taken from the
devbot 2.0 specification, which can be found in [20], and
which correspond to a full-sized race car that was used in
the real-world competition Roborace [27]. For the SV, the
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[ tight SV shape O%V*
over-approximation

— driven trajectory

2-norm

trajectory prediction time (s)

0 1 2 3 4 5 6 7
ScaledNorm

0 50 100 150 200 250 300
z (m)

0 50 100 150 200 250 300

z (m)

Fig. 5. Comparison of two evasion maneuvers for the 2-norm and the ScaledNorm formulation for a closed-loop simulation of 12s. The 2-norm formulation
leads to the ego vehicle evading the two static obstacles conservatively due to the inflated shape of the SV. On the other hand, using the ScaledNorm
formulation, the smooth transition of conservatively evading planned trajectories towards a tightly driven trajectory (black) is visible.

Parameter Values
Experiment 1 ~ Experiment 2
curvature [0.01,0.06] %
road width 10m
SV set velocity [0,5] %
SV width [1.5,4]m
SV length [4,14]m (2,10]m
SV start pos. [50, 120]m
ego set velocity (7,15

ego weight wy, 5 50
ego start pos. [0, 10]m

TABLE I
PARAMETERS USED FOR SIMULATION. RANDOMIZED PARAMETERS ARE
UNIFORMLY SAMPLED FROM THE GIVEN INTERVAL.

chassis width and length, as well as the maximum speed were
randomized to capture different shapes. In the following,
the individual simulation setups are described and associated
parameters are shown in Tab. II.

Experiment 1 - Lateral Distance: The first experiment
evaluates the maximum lateral distance

w
An zmaX’ﬁl—nS’V——
max T her | v 2
and minimum lateral distance
w
ANy :min‘ﬁ‘—nﬂsv——
min el 7 7 ) )

where

J= {z € I(Nsim)

s?V—;<§i<s§V+l}

while overtaking, cf. Fig. 7. It reveals that the actual driven
trajectory is influenced by the over-approximations and ver-
ifies whether the constraint was violated.

Experiment 2 - Center Line Tracking: In many real-world
applications, the driving cost is partly specified by tracking a
certain reference line, which involves a higher cost to avoid
cutting corners. If this cost is high or if the slower preceding
SV has a larger width, a local minimum of the optimization
problem (4) may be created behind the SV. Non-smooth SV
shape representations tend to promote this local minimum,
which is evaluated in the second experiment, by placing the
SV in front of the ego vehicle. The performance measure
As is the difference between the maximum reachable final
position and the actual final position, written as

As = §0 + ’LN)tf - éNsinl_l’
with the positions §; and the set velocity v at the final
simulation time tg;p,.

Nonlinear Model Predictive Controller: The NMPC is
formulated using the NLP (4) with the different SV approxi-
mations according to (5) and model parameters according to
the devbot, cf. [20], [27].

The shape parameters a;-{'} at index ¢ are determined im-
plicitly, by defining the width and the height d; of the square
obstacle shape at the axes of the auxiliary coordinates £, and
implicitly solving the equation

ot (j0, dJ7.al) =1

offline. The width d can vary between d = 1, which
would correspond to the exact rectangle and d = /2,
corresponding to the circle or the 2-norm. In the experiments,
we linearly change the over-approximated width from do =
1.005 to dy = +/2 which implicitly defines the shape
parameters «; + for all steps 1.

Fig. 1 shows the related shapes for indexes i € {0, §, N'}.
By defining the shape based on the width, the progressive
smoothing formulations are nearly equal in terms of their
over-approximated area and allow for fair comparisons be-

tween the different approaches.
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Experiment 1

Experiment 1

Experiment 2 Experiment {1,2}

HoT—]

4-norm - |-I]—| A |-u|
6-norm - |'I]'| 7 I'I]'I
ReLu? m A '

3-cov.-circles T

2-norm
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. —{0—| —1O0—
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t—— 11— —L 11
{1
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I

ScaledNorm - I B ﬂ]-l
LogSumExp A I b I-[]]-I
Boltzmann A ' A I'[l'l
T T
0.0 0.5 0 1

Distance Anyyi, (m)

Fig. 6.

Distance Anmax (m)

T
0 200 10 20

Goal Distance As (m) Computation Time (ms)

Box-plot performance evaluation of the proposed approaches in different randomized closed-loop experiments. In Experiment I, the maximum

and minimum lateral distance Anmax and Anpi, to an SV while overtaking is evaluated. A negative distance indicates an unsafe constraint violation
(red line) as observed with the ReL.U? formulation. In Experiment 2, the goal distance As, i.e., the difference of the maximum reachable position to the
actual position, after overtaking at the final simulation time #g;,, is evaluated. The computation time was evaluated for all experiments.
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Fig. 7. Sketch of the evaluated performance measures of the simulated tra-
jectory X, including the minimal and maximal overtaking distance Anyin
and Anmax, respectively, and the distance As to the maximum position
that could be reached without SVs.

Implementation details: To solve the NMPC problem (4),
the solver acados [28], together with the QP solver
HPIPM [29] is used. We use RTI, without condensing,
an explicit RK4 integrator and a Gauss-Newton Hessian
approximation. For the prediction, N = 70 shooting nodes
are used with a discretization time of ¢4 = 0.1 seconds which
corresponds to a prediction horizon of 7 seconds.

B. Evaluation

In Fig. 5, actual driven and planned trajectories of an
overtaking maneuver are shown in the Cartesian coordinates.
It can be seen in the left plot that the ellipsoidal formulation
leads to conservative behavior, in which the ego vehicle
performs strong lateral swaying maneuvers to avoid any
potential collision with the SVs.

In Fig. 6, the key performance measures of the exper-
iments are shown. As already indicated by Fig. 5, the
maximum lateral distance Any,,y is largest for the ellipsoidal
formulation. Higher order ellipsoids, such as the 4-norm and
the 6-norm, yield superior results for the maximum lateral
distance, similar to the proposed progressive smoothing and
ReLU? formulations.

When evaluating the minimum distance Anp,;, while
overtaking, the ReL.U? formulation reveals a disadvanta-

geous property, i.e., even though the obstacle slack variables
are chosen as exact penalties (L1 penalization) for all for-
mulations with equal weights, the constraints are violated.
This issue was mentioned in [10] and circumvented by an
increased over-approximation. All other methods respect the
constraints exactly and are therefore considered safe.

With an increased center line tracking cost, the constant
higher order ellipsoids, covering circles and the ReLU? for-
mulation repeatedly get stuck in the local minima behind the
preceding SV, limiting its performance and getting blocked
behind. This problem is the main reason why other works
suggest not using constant higher-order norms and rather
using the 2-norm [7], [21]. For any overtaking objectives, this
problem can be limiting. The simulation results empirically
show that the proposed approaches are less likely to get
stuck in a local minimum, and therefore lead to an improved
performance for this particular case study.

In the final plot of Fig. 6, the computation times among all
experiments are shown and verify that the computation time
is similar for each of the considered NMPC formulations,
despite an average increase of the median computation time
by 27.2% and the maximum computation time by 60.9%
using the ReLU? formulation compared to the ScaledNorm.

The ScaledNorm formulation has a good performance in
all evaluations, taking into account the constraint violation
of the ReLU? formulation. The reason for the ScaledNorm
performing better than LogSumExp and Boltzmann may be
the exact constraint linearization related to the norm function.
Despite the good performance of also the Boltzmann formu-
lation, it can not be guaranteed that the linearized constraint
safely over-approximates the obstacle shape [7] due to its
non-convex shape.

V. CONCLUSIONS

A novel progressive smoothing scheme was presented for
obstacle avoidance in NMPC. The presented ScaledNorm
approach, as well as the alternative formulations Boltzmann
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and LogSumExp outperform the benchmarks, including fixed
higher-order ellipsoids [9], covering circles [15], [16] and the
formulation used in [10]. The performance achieved by the
ScaledNorm is superior to all others in these particular exper-
iments, which is likely due to the advantageous linearizations
of the norm function. The alternative Boltzmann formulation
has the drawback of non-convexity. Moreover, the Scaled-
Norm formulation has desirable theoretical properties, such
as convexity, tightening, homogeneity, exact slack penalty
and over-approximation.
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