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Monotonic tracking of step references for linear switched systems under
arbitrary switching signals

Maria Christine Honecker!, Robert Schmid*, Kai Wulff ™* and Johann RegerT

Abstract— We consider the analytical controller design for a
class of switched linear systems. Under suitable system assump-
tions, we propose a method using eigenstructure assignment
that guarantees the closed-loop switched system is globally
asymptotically stable under arbitrary switching signals, and
the outputs achieve monotonic step reference tracking from all
initial conditions. Additionally, the output signals from both
subsystems can be made identical, so the effects of the system
switching are not noticeable from the output. A constructive
algorithm is provided that yields suitable feedback matrices,
and the method is illustrated with a numerical example.

I. INTRODUCTION

The stability analysis of switched systems has received
a great deal of attention for many years, [1], [2], [3], [4],
and there has also been considerable recent literature dealing
with the analytical design of stabilising controllers, see for
example [5], [6], [7] for switched linear systems, and more
general design methods for stabilising controllers have been
synthesised for a large class of systems in [5], [8].

Recent papers on switched systems have investigated the
design of feedback control methods that achieve stability
under a wide class of switching signals, while also delivering
other desirable control performance objectives. Some earlier
works in this field are [9] for switched linear descriptor
systems, and [10] for switched nonlinear systems, which
sought to adapt the composite nonlinear feedback method
of [11] to achieve rapid and smooth reference tracking for
switched systems.

In [8] a stabilising design for switched linear systems for
arbitrary switching is considered. Based on the results in [12]
a switched feedback controller is proposed such that the
subsystems share the same eigenvectors in closed-loop. This
guarantees the existence of a common quadratic Lyapunov
function and thus asymptotic stability for arbitrary switching.

The problem of designing state feedback controllers for
linear time-invariant systems to achieve the globally mono-
tonic tracking of step references is investigated in [13]. In
this problem, state feedback is used to ensure the closed-
loop is stabilised and the outputs converge monotonically
to their desired reference values, from all initial states. [13]
identifies the class of linear systems for which a globally
monotonic tracking controller can be obtained, and gives a
simple algorithm for computing the feedback law based on
the state feedback eigenstructure assignment method of [12].
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In this paper we seek to combine the controller design
methods of [8] with those of [13] to design control laws
that will stabilise switched systems while also providing
monotonic tracking of a step reference. Specifically, we
consider switching between two subsystems that share the
same output. Thus the two systems represent a plant subject
to two differing system dynamics arising from an arbitrary
switching signal. We investigate the problem of designing
a state feedback control law to ensure closed-loop stability
under arbitrary switching, while also ensure the system
outputs tracking a constant reference signal with a monotonic
transient response. A key component of the design method
will be ensuring that both systems share a rectified eigen-
structure, with common eigenvectors (but not necessarily
common eigenvalues) that have been chosen to yield a step
response in which only a single closed-loop mode is visible
in each output component, and hence the response converges
monotonically to its reference value.

The paper is organised as follows. Section II describes the
class of switched systems under consideration, and provides
the system assumptions that are needed for the controller
design. We state the problems of designing feedback matrices
to deliver both global asymptotic stability under arbitrary
switching signals, and also the problem of monotonic ref-
erence tracking. Section III revisits some earlier results on
the monotonic tracking problem for LTI systems, and on the
stability of switched systems. Section IV contains the main
results of the paper, stating the system assumptions that are
required for the solution of our eigenstructure assignment
problem, and providing an algorithm for the construction of
the feedback matrices that achieve a rectified eigenstructure
while assuring monotonic tracking of a step reference for
the given switched system. Section V provides a numerical
example to demonstrate the implementation of the eigen-
stucture assignment algorithm on a suitable switched LTI
system. Finally Section VI provides a summary of the paper’s
contribution.

II. PROBLEM DEFINITION

A. Switched linear systems

We consider the switched system composed of the con-
stituent linear time invariant (LTT) systems
o &(t) = Agx(t) + Byu(t), z(0) =z € R", )
L y) = Ca)
with A, € R"*", B, e R™*™, C € RP*" and ¢ € T =
{1,2}. B, has full column rank and C has full row rank.

3285



Notice that the matrix C' is common to both subsystems.
These subsystems constitute the open-loop switched system

. x(t) = Aa t x(t) + Ba t u(t)
Zov { u(t) = Cnd), “ )

where the switching signal o : RT™ — 7 is a piecewise con-
stant function, and A,y = Ay, Bow) = By < o(t) = q.
The switching signal is assumed to be entirely arbitrary, apart
from the mild assumption that it has at most finitely many
switches in any finite time interval, to ensure uniqueness of
the solutions. While the signal is not assumed to be known
for the purpose of controller design, it is assumed that the
control input u can adjust to switches instantaneously.

Yor is said to be globally asymptotically stable under
arbitrary switching (GASAS) if the origin of the homoge-
neous system (with v = 0) is asymptotically stable under
every admissible switching signal o, from all initial states
zo. It is well known that X1, may be unstable for some
switching signals, even when both state matrices A, are
Hurwitz stable matrices [1]. GASAS implies BIBO-stability
of Yo, for bounded inputs u.

The system state is continuous at the switching instances.
If the system state is at an equilibrium state of the active
system immediately prior to switching, the system output
may exhibit transient dynamics due to the switched dynam-
ics. Such transients can be avoided if both systems share the
same steady-state point [14].

B. Reference tracking for switched linear systems

In this paper, we consider the combined problems of ensur-
ing GASAS while also ensuring the output y asymptotically
tracks a desired step reference € R” monotonically. For
this we require

Assumption 1. The dimensions of the system state matrices
satisfy n+p < 2m, and for each q € {1,2}, system ¥, is
right invertible and stabilisable.

Under these assumptions, we obtain a controller to track
an arbitrary step reference signal » € R” as follows. In the
spirit of [14] we calculate the joint steady state zgs € R”
and corresponding input u, ¢ satisfying for all € R™, g € Z

0 = Ajzss+ Byuggss 3)
r = Cuxg . (4)
Such vectors exist because (3)-(4) can be written as
Al Bl 0 Tss 0
AQ O B2 ul,SS - 0 (5)
cC 0 0 U g5 r

where the zero matrices are of appropriate dimensions. With
Assumption 1, the matrix in (5) is wide and hence solutions
exist.

Let F, € R"™ ™ be feedback matrices. For a given
switching signal o, we define Fi;(;) = Fy, Uo(r),s5 = Ug,ss

& o(t) = q. With G,y = —Fo)Tss + Uo(t),ss> applying
the switched control law
u(t) = Foyz(t) + Go) (6)

to Yo, yields the closed-loop control system

f #@t) = (Aoy + Bo(ty Fo(r))2(t) + BGor)
o { 4002 6. v

and employing the change of variable ¢ := x — x5, we obtain
the closed loop homogeneous system

[ =L BOROIWD.
y(t) = C&(t) +

If the feedback matrices F, achieve GASAS for X¢, we
conclude that £ converges to the origin, the state vector = of
XYoL converges to xss, and the output y converges to 7 as
t — 00.

We say that the switched system X, achieves globally
monotonic step reference tracking for arbitrary r under the
control law (6), if the tracking error e(t) = r — y(t) — 0
monotonically, in every output component, from any initial
condition xy € R™.

Our aim in this paper is to obtain matrices F} to achieve
GASAS for X, and also ensure ¢y, achieves globally
monotonic step reference tracking for any given r, zo and
arbitrary switching signals 0. We describe this problem of
globally monotonic step reference tracking under arbitrary
switching. Our approach is based on combining the mono-
tonic controller design methods of [13] with the GASAS
design methods of [5] and [8].

III. PRELIMINARY RESULTS
In this section we present some earlier results that will be
needed for our controller design methods in Section IV.
A. Globally monotonic tracking controllers for LTI MIMO
systems

In the following, we have A € R"*", B € R™*™, and
C € RPX"™ with

z(t) = Az(t) + Bu(t), z(0) =z € R",
y(t) = Cx(t) '

For the system (9), introduce row matrices C(y) € R®~1)xn
such that, for each k € {0,1,...,p},

C(o) - C,
Cry = C with the k-th row removed.

€))

(10)
Y

We will use ¥ ;) to denote the LTI system obtained from
the triple (4, B, C(y)).

Definition 2. For each Yy, with k € {0,1,...,p}, and for
any A € R, we define the Rosenbrock system matrices

M —-—A B
Buo ()= { Ci) O]

12)
of dimension (n + pg,)) X (n 4+ m), where py = p and
Py = p — L. Their kernels may be decomposed as
Ny (/\)}
m = ker(R(\)),
0] = ey o0

where N(1), M) have dimensions n X m,) and m X m,),
respectively, where m ) > m — p(p)-

13)
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We recall the following lemma from [13].

Lemma 3. Let £ = {\1,...,\,} C R contain n distinct
real numbers, and let the sets V = {v1,...,v,} C R" and

W =A{wi,...,w,} CR™ be such that
{ Zﬁ ] C ker(R()(Ag)), forie {1,...,n —p} (14)
K3
Uil ¢ ker(Rn (M)
w; (k)y\Ai))s
fori=n—p+kand ke{l,...,p}. (15)
Assume that V is linearly independent, and let
F=wv-i, (16)

where W and V' are matrices whose columns are given by
W and V. Then for all i € {1,...,n} and k € {0,1,...,p}

a7
(18)

(A-i—BF)’UZ )\iUi,
C(k) v, = 0.

Defining (a1, ag,...,a,)" = Vlxg, the output y of (9)
from the input w = Fx is given by

y(t) =

. T
= [616#125 ﬁgeﬂzt e ﬁpe“”t ]

where B = Qn—pik, bk = An—pti for k€ {1,...

Oe(A—I—BF)txO

19)

D}

Remark 4. This is a restatement of Lemma 2 in [I3].
The assigned closed-loop eigenstructure ensures that n — p
of the closed-loop modes are invisible at the outputs, and
the remaining p modes are constrained so that they each
contribute only to the k-th output component. This ensures
that the output term in (19) converges to zero monotonically
in every component, if the closed-loop eigenvalues in L have
been chosen to be real and negative. Since xg is arbitrary, the
control law v = Fx ensures that the outputs of the closed-
loop system are globally monotonically convergent to zero.

Viewed from the perspective of linear systems geome-
try [15], the vectors v; satisfying (14) lie in R*, the largest
output-nulling reachable subspace of system (9). The feed-
back F obtained in (16) is a friend of this subspace. Thus a
necessary condition for the existence of a friend that provides
globally monotonic convergence is that dim(R*) =n — p.

If we let R?k) denote the largest output-nulling reachable
subspace of system (A, B,Cyy), then (15) requires each
v € Ry, with k=i — (n — p). The v; must all be chosen
so that V is linearly independent. Theorem 5 of [13] gives
necessary and sufficient conditions for such a selection to
be possible; the conditions are independent of the choice of
desired closed-loop eigenvectors in L.

B. Global asymptotic stability for arbitrary switching

To obtain GASAS for X ¢, a key tool will be the method
of [8] for obtaining state feedback matrices that assign
common eigenvectors for the closed-loop subsystems.

Definition 5. [f there exists a linearly independent set
V={vi:ie{l,...,n}} CR", and sets L, = {N;; : i €
{1,...,n}} C R with g € Z, and F; € R™*™ such that

(Aq + Bqu)UZ' :)\q,ivi (20)

foreach i € {1,...,n}, then we say that the systems ¥, are
simultaneously eigenvector rectifiable.

Note that for simultaneous eigenvector rectification, we
require the feedback matrices [, to assign identical eigen-
vectors in V for both closed-loop subsystems, however the
corresponding eigenvalues in £, may be different. The
following theorem establishes that simultaneous eigenvector
rectification with stable eigenvalues implies GASAS.

Theorem 6. (/8], Theorem 3.2) Assume that state feedback
matrices Fy, € R™*™ achieve simultaneous eigenvector
rectification for ¥, for some V C R™ and some stable sets
of eigenvalues L, C R™, q € 1. Then ¢y, is stable under
arbitrary switching sequences.

Remark 7. An important contribution of [8] is to obtain
conditions on Y1, that would ensure simultaneous eigen-
vector rectification can be achieved. The system dimension
requirement n < 2m is shown to be necessary. For some
pairs of subsystems ¥, the sets of possible closed-loop eigen-
values L, may be restricted under feedback rectification, [8].

IV. MAIN RESULTS

In this section we present our main results that combine
the monotonic tracking results of [13] with the stability
results of [8] for switched systems. Our task is to generalise
the monotonic tracking results achieved in [13] for a single
LTT system to switched systems by simultaneous eigenvector
rectification.

A. Eigenvector rectification on output-nulling subspaces

To extend the LTI system results of Section III to the
switched system Xo1,, we require some further notation. For
each ¢ € Z and k € {0,1,...,p}, we define ¥, ) =
(Ag, By, C(1y) with C 4,y defined as in (11). For convenience
we identify X, ) = X, in this notation. We let R;’(k) de-
note the largest output-nulling reachable subspace of ¥ ().
For any A € R we define the Rosenbrock system matrices
R (ky(X\) according to (12) of Definition 2. Their kernels
may be decomposed as N, (x)(A) and My (;y(A) in (13).

In terms of this notation we can now formalise the
eigenstructure assignment problem to be solved in order to
achieve globally monotonic step reference tracking under
arbitrary switching for X1, as follows:

Problem 8. Eigenstructure assignment. For the systems
Yg, obtain feedback matrices F, that assign closed-loop
eigenstructures V, L, C R™ such that the outputs arising
from each ¥, take the form (19), and also achieve simulta-
neous eigenvector rectification (20).

Requiring that the outputs take the form (19) means that
n — p modes in L, are each invisible at the outputs, while
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the remaining p modes are visible at only one of the outputs.
Additionlly, we require £, C R~ to ensure stability.

To seek conditions on the existence of suitable sets V and
L, solving Problem 8, we treat the eigenvalues in £, as
free parameters and seek n linearly independent closed-loop
eigenvectors satisfying

v; € ile,(k:)</\1,i) n imN2’(k)(/\2)i) 21

fori=1,...,nand k = 0,...,p. The first n — p of these
elgenvectors must belong to both R;‘ , and the remaining p
vectors must belong to both R (k) for some k. To ensure
the existence of suitable Vectors for such a closed-loop
eigenstructure, we make the further assumption:

Assumption 9.

(a) dim (R;(O) n Rg,(o)) — n—p (22)
(b) dim (R{,(k) N Rg,(k)) — n—p+t1, 23)
for k={1,...,p}

These conditions are necessary for the existence of n — p
suitable linearly independent vectors in the intersections of
the im Ny (0)(Aq,i), and one each from the intersections of
the im N, (1)(Ag,i), for some suitable ), ;. These vectors
construct V), and if it is linearly independent, then the
feedback matrices required for the solution of Problem 8
can be obtained using Lemma 3. We solve (14)-(15) for the
eigendirections W, = {wy; : ¢ € {1,...,n}}, and then
obtaining [, from (16).

The subspace intersections in (21) are considered in [8];
it is shown that they can be described as a span of a rational
matrix-valued function. For each & = 0, ..., p, let N (1)(Aq)
be defined in (13), and let A\, A2 € R. Let Ty (A1, )\2) be a
transformation matrix that converts [Ny, ) (A1) Na (r)(A2)]
into reduced row-echelon form:

Tty (A1, A2) [Ny, (A1) Noyey(A2)] =

By 11(M;22) By 12(M, A2)
0

Ey22(M1,A2) | 24
0

and define the set

G(k) = {()\1,)\2) : T(k)()\l,)\g) is invertible} c R2. (25)

Adapting the result in [16] we obtain the following.

Proposition 10. For any (A1, A2) € G, let Qy(A1, A2)
be the rational matrix-valued function given by

E(1y12(A1, A2)
Ty YA, A2) 0 ;
0

Qry(A1, A2) = (26)

where E() 12(A1,\2) is obtained by the reduced row-
echelon form of [Ny (1)(A1) Nax)(A2)] in (24). Then
=im Q) (A1, A2) -

ile,(k)()\l) ﬂimNQ’(k)<)\2) (27)

Remark 11. The set G(O) is dense in R?, [8], and denotes
the subset of assignable eigenvalues for which the repre-
sentation im Qy(A1, A2) is a valid representation of the
intersection im Ny (oy(A1) Nim Ny (gy(A2).

Remark 12. In case T(gy(\1, A2) is singular at points of
interest (N1, \5), further representations of the intersection
can be obtained. At such points (X1, \5) the reduced row-
echelon form takes a different shape and is obtained by a dif-
ferent transformation T7, k)( 1:A3). Calculating Q7. (AT, A7)
may increase the number of assignable linear independent
eigenvectors, see [8] for an example.

To achieve GASAS for ¢, with Theorem 6 and mono-
tonicity with Lemma 3 at the given output simultaneously,
it must be possible to assign n — p linearly independent
eigenvectors v; € im Qo) (A1,4, A2,)-

We define

d(gy = dim span U
(A1,22)€G o)

im Q(O)(/\lv )\2) (28)

representing the number of linearly independent eigenvectors
that can be assigned in im Q) (A1, A2) for distinct \; € L,
Ao € Lo, L1 X Ly C G’(o), [8, Prop. 3.3a]. To evaluate (28),
we follow [8] and obtain a polynomial representation of the
image of Qo)(A1,4, A2,s) by multiplying each column with
the largest common denominator polynomial g, (A1, A2),
v=1,...,z with z = 2m — n — p such that

a1 (A1, A2) 0

Poy(A1; A2) = Qoy( A1, A2) . (29)

0 q=(A1,A2)

The polynomial matrix P(g)(A1,A2) can be written as the
matrix polynomial with coefficient matrices D g 5, € R"*?

Z Z D) AT, -

h=0 =0
With the following lemma the dimension dq) is readily
calculated.

Poy(A1, A2) = (30)

Lemma 13. Let D g p; be the coefficient matrices in (30).
Then

d (o) =rk[D 0),00 Doy,n1 (3D

D(0),nn] -

Proof. Let D = [Dyg ... Dyy] consist of all linear indepen-
dent rows of
[D(0),00 Doy,n1 Do) nn] »

same partition. Denoting d =1k D, we show that dy = d.

Define
Z Z DAL .

h=0 =0

If there exists o € ]RJ\ {0} satistying a T P(A1, A;) = 0 for
all (A1, A2) € R x R. Then with (32) we get

Z ZO(TDM)\}L)\Z =0eRY™.

h=0 [=0

P(A,A2) = (32)

P(A1, ) = (33)
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Further, in the vector space R[A1,\2] over R, the set of
polynomials {\f'A5}}: ,_ is linearly independent. Hence (33)
implies

a"Dp =0 for all h,l=1,...,n

but this contradicts (31). Hence, there exists no a € R‘i\ {0}
satisfying a'" P(A1, \g) = 0 for all (A1, \s) € R x R. This
implies that

dim span U im P\, \o) | =d
(A1,22)€G (0
for any de~nse set G(g) C R xR, [8, Lemma 4.4]. With (29)
we have d = dq). O

Note that N, (0)()\q) and thus Q(O)(Al,Ag) representing
the mtersectlon space im Ny (gy(A1) N im Ny, U)()\g) is or-
thogonal to the output matrlx C’ Therefore it is possible
to assign dy < n — p linear independent eigenvectors
in im Q) (A1, A2). The remaining eigenvectors have to be
chosen from im Q) (A1, A2), k=1,...,p.

As im Ny 9)(Ag) is a subset of every im Ny )(Aq), k =
1,...,p, we also have im Q(o)(A1,A2) € imQ k) (A1, A2)
for every k. Therefore im Q(;)(A1,A2) contains eigenvec-
tors for the closed-loop system. As the intersection spaces
im Q) (A1, A2) are not orthogonal to the k—th output the
remaining dimensions of R™ have to be obtained by eigen-
vectors drawn from im Q) (A1, A2).

B. Globally monotonic tracking subject to arbitrary switch-
ing signals

Finally our result on the monotonic tracking of arbitrary
step reference signals under arbitrary switching signals is as
follows:

Theorem 14. Let the switched system Yo1, satisfy Assump-
tions 1 and 9, and assume dy = n — p in (28). Let
Ly =A{Ngi i €{l,...,n}} C R™ with distinct entries,
such that L1 X Lo C G (o). Then n — p linearly independent
eigenvectors v; € im Qo) (A1,s, A2,s) can be chosen.

Moreover, let there exist p vectors v; € im Qy(A1,i, A2,i)
for i =dgy +kand k = 1,...,p, and the set V = {v; :
i €{l,...,n}} is linearly independent. Then V, L, and F,
obtained from (16) solve Problem 8, and the switched control
law (6) achieves GASAS for Y1, with globally monotonic
step reference tracking for any r € RP,

Proof. With the definition of d(p in (28) and [8, Prop
3.3a] any choice (A1, 2:) € G(g) yields n — p linearly
independent eigenvectors v; € im Q(O)(AM, A2.i)-

With the additional assumption of p linearly independent
vectors obtained from im Qz)(A1,i, A25), V' in (16) is in-
vertible and therefore [, are obtained from (16). The ratio-
nal matrix Qx)(A1,5, A2,;) represents the intersection (21).
Therefore the eigenvectors assigned by (16) rectify the
constituent subsystems. Moreover im Q k) (A1, A2) € R}
and therefore the assigned eigenvectors satisfy (17)- (18)
Therefore the output of the closed-loop system takes the
form (19). This solves Problem 8.

With Assumption 1, x4, and u, ¢ satisfying (5) exist for
any step reference r € RP yielding, together with F,, the
control law (6). With £, C R~ and Theorem 6 we have
GASAS for ECL-

To show monotonicity of the output consider the switching
instant ¢; of ¥cr. The feedback matrices Fj, satisfy the
assumptions of Lemma 3 for each subsystem ;. Therefore
the output for t € [0,t;41 — t;) is given by

y(t; +1) = [Bgaelet Byaetart | B peuq,pt ]T

where g = o (t;), B, are the last p rows of V~1z(t;), and
fq ke = )\q,n,pﬂc, k=1,...,p. Since the eigenstructures of
Y, are rectified by (6), V‘lm(tj) and thus f3, j are shared
by all subsystems for any x(¢;). Hence the output of the
switched system X, converges monotonically. L]

Remark 15. The rate of convergence of the output at any
time t > 0 depends upon whether closed-loop poles from
Ly or Lo are activated. The desired dynamical shape of the
output beyond its monotonic characteristics can be assigned
by choosing eigenvalues that will be assigned to the eigen-
vectors in ’R; (k) for k # 0. In particular, choosing identical
eigenvalues for each closed-loop subsystem corresponding
to the same output component, results in a smooth output
trajectory such that that the effects of system switching is
not noticeable from the output.

The following algorithm describes our procedure for ob-
taining suitable sets V and W, = {wg1,...,wqn} C RP,
and L, that satisfy the conditions of Theorem 14 and hence
can be used to obtain the feedback laws Fj that deliver a
globally monotonic step response for ¢y, under arbitrary
switching, for any desired step reference.

Algorithm 16 (Control law according to Theorem 14).
1) For each k € {0,...,p} compute the rational matrix
functions Qy(A1, A2) given by (26).
2) If d(oy = n — p continue,
else: calculate Q7o) (A1, A3) as in Remark 11 to obtain
additional linear independent eigenvectors in Step 3.
3) Foric{l,...,n—p} select vectors v; such that

v; € 1m Qo) (A1, A2,)

and v; are linearly independent.
4) Forie{n—p+1,...,n} select vectors v; such that
v; € im Qr) (A1, A2.i)
where k =i — (n — p).

5) Form the set V = {v1,...,v,} and test that it is
linearly independent. If it is not, modify the choice of
v; for some i € {n—p+1,...,n}

6) Select sets of distinct desired closed-loop eigenvalues
Ly = {Ni i € {l,....,n}} C R, such that
Ty (M1,i5 A2,i) is invertible for all i and associated k.

7) For each v; and \q ;, solve (14)-(15) for wy; to obtain
Wy q € 1.

8) Obtain I, from (16).

9) For any desired step reference, solve (5) to obtain the
control law u in (6).
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V. EXAMPLE

We consider a switched system with two outputs. The
dimensions n =7, m = 5 and p = 2 Assumption 1. Let

01 0 0000 [-50 2 000 0
0-10 0000 000 0030
00 0 0000 040 0000
Ai=|-4 0 0 —41-10|, As=[000 0 0-30]|,
2 0 04000 400 -5030
0 0-10000 00-30000
|00 0 00O0O (000 00-20
(3 0-300 0050 -5
01-140 0220 0
-10 0 —21 0000 —2
Bi=[ 000 0 5], Bo=|1-40 0 0 |,
053 00 0000 0O
400 00 0000 O
—40 0 —43 000-10
0_1100000
~|0100000]"

The output nulling subspaces for each system X, ;) may
be readily computed with the rvstar command in the
MATLAB™ GA toolbox [17]. In particular, we obtain

dim (R} (o) NVR3 (o)) =5 - (34)

It is readily verified that the second condition in Assump-
tion 9 is also satisfied.

To compute d(o), we first obtain the rational matrix func-
tion Q(0)(A1, A2) in (26) and the polynomial representation
Po)(A1, A2) in (29). Finally the coefficient matrices of P
are computed. Note that most coefficient matrices in (29)
equal zero such that P can be represented by

2 2
Poy(A1, Ao) = Z Z D) AL NS

h=0 1=0
‘We obtain

d(o) =1k [D(o),oo D(o),01 D(o),oz
D(0),10 D(oy,11 D(0y,12 D(0),20 Di0),21 D(0),22]

000 0 0 0 0 0 0

000 0 0 0 0 O 0

000 0 —100 —120 0 50 —20

=rk 0 0 0 180 —60 —45 —90 135 —100
0 0 0 1380 225 0 —495 500 0

0 0 0 300 360 0 —150 60 0

—7229 24 —117 =397 =319 57 97 —60

It is readily verified that d ) = 5 and thus n—p eigenvectors
can be chosen to lie in R* . The corresponding eigenval-
ues can be considered as degrees of freedom. Choose the
eigenvalue sets £, = {—2.5, -3, —4,—5,—6,—1.5, -7} and

= {-0.5,-1.5,—-2.5,—-3.5,—4.5, —10, —7}. Note that
the transformation matrix T{g)(A1,s, A2,s) in (24) is invertible
for the above ordering of eigenvalue sets. The eigenvec-
tors v;, ¢ = {1,...,5} of the output-nulling subspace are
obtained by v; € im Q) (A1,s, A2,s), such that

v; € im Ny (9)(A1,:) Nim Ny 0y (Aa,i)- (35)
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Fig. 1. Rectified eigenstructure with monotonic responses at the outputs

The remaining modes i = {6, 7} are assigned to eigenvectors
lying in each R; ()" We choose vg € im Q(1)(A1,6, A2,6) and
v7 € im Qa)(A1,7, A2,7) such that

ve € im Ny (1y(A1,6) Nim Ny (1y(Aa6),
v7 € im N17(2)()\1,7) MNim Ngy(z)()\g,';).

(36)
(37

Therefore the vector vg is visible at the first output and the
vector vy is visible in the second output. We observe that the
set V = {vy,...,v7} is linearly independent, and use (16)
to obtain

1.73 -0.06 —9.27 —0.13 0.16 —0.01 3.14
4.19 —0.90 —32.98 —-0.71 0.29 2.19 11.93

Fy = 2.23 —1.56 —9.27 —0.13 0.16 —0.01 3.14
—0.49 —1.67 5.93 0.14 —0.03 —0.55 —2.20
16.80 —4.85 —81.79 —0.31 1.61 2.47 23.78
and
111.23 —45.17 —521.06 —4.16 11.21 13.38 150.32
7.39 —6.58 —38.11 —0.19 0.71 0.17 11.47
Fo=1| —7.39 3.08 38.11 0.19 —0.71 —1.67 —11.47].
—43.66 9.14 228.89 0.91 —4.30 —11.55 —67.94
—6.39 3.68 38.51 0.19 —0.71 —1.67 —11.47

For the step reference 7 = [1 —6] T we compute Zs, Ug,ss
satisfying (5) and obtain the control law (6). By Theorem 14,
the outputs of X1, will track this reference monotonically
from any initial state under arbitrary switching.

To demonstrate this behaviour, Figure 1 shows the outputs
arising from the initial state x¢ = [ 7—-15432 1] under
a periodic switching signal that activates >, for 0.3s followed
by o for the subsequent 0.1s.

The monotonic convergence to the reference r = [1 —6] !
can be seen. Output y; changes its gradient at the switching
instances, due to the differing convergence rates of the visible
eigenvalues A\; ¢ = —1.5 and Ay ¢ = —10. For output y, we
assign the same convergence rate Ay 7 = Ay 7 = —7 to both
subsystems. This renders the output signal smooth and the
switching instances are not noticeable at all in ys.

For comparison we design a switched controller (6) with
rectified eigenstructure but without assigning eigenvectors
according to the subspaces (14), (15). Using the algorithm
in [8] we obtain the feedback matrices

144 0.87 —5.18 —0.88 0.92 —1.94 —-1.32
29.21 22.73 —49.41 —17.59 21.28 —45.05 —68.45
3.14 098 —-4.73 —-0.64 0.60 —1.18 —0.46
—18.57 —13.82 41.98 10.73 —13.04 25.64 36.79
—12.68 —9.21 34.69 7.01 —-8.72 15.69 21.70

=
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and
—437.74 —363.27 738.46 248.87 —308.98 618.61 987.62
) —46.24 —42.77 73.52 27.38 —32.88 61.69 106.55
Fy=| —11.15 —6.16 20.58 6.43 —7.97 16.79 24.82
—11.15 —6.16 20.58 6.43 —7.97 16.79 24.82
—11.15 —6.16 20.58 6.43 —7.97 16.79 24.82

assigning the same closed-loop eigenvalues £, as before.
Note that the resulting closed-loop system has also the same
steady state zgs.

The output for the same initial state, the same reference
and switching signal is shown in Figure 2. It is easy to see
that this controlled switched system has worse characteristics
at the considered output. Both outputs exhibit a large over-
and undershoot and the switching effects are much more
pronounced visible.

Finally we compute the Frobenius norms of the feedback
matrices to compare the control effort. For the monotonic
design these are given by | Fi|| = 95.23 and ||F:|| =
610.73. For the system only designed with eigenstructure
rectification following [8] the norms are ||} || = 135.08 and
| Fo|| = 1554.19 are given. This indicates that the superior
tracking performance of the monotonic controller design did
not require larger control actuation.

VI. CONCLUSION

We have investigated how to bring together the earlier
works on the design of state feedback control laws for the
stability of LTI switching systems of [8], with the methods
of [13] for the design of globally monotonic tracking con-
trollers. Both of these earlier papers employ eigenstructure
assignment methods derived from the classic paper of [12].
We assumed switching between two systems that shared
a common state vector and common output. Subject to a
suitable assumption on the system dimensions, we were
able to design a state feedback switching control law that
achieves asymptotic stability for arbitrary switching signals,
while also ensuring that the system output track a step
reference in a monotonic manner, in all output components,
from any initial condition. The principal limitation of the
design method is the rather strong assumption on the system
dimensions, typically requiring considerably more control
inputs than outputs.

Future work will consider the task of adapting the methods
of [18] on the design of nonovershooting tracking controllers

for switching systems. These methods are applicable to
square LTI systems, with equal numbers of inputs and
outputs. The controller design objective would be to design
state feedback matrices to deliver a nonovershooting step
response in all output components for arbitrary switching
signals.
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