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A Path-Following Guidance Method for Nonholonomic Vehicles with a
Large Domain of Attraction for Straight and Curved Paths
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Abstract— Path-following control is an alternative technique
to trajectory tracking, with superior performance characteris-
tics when applied to a class of nonholonomic systems, especially
relevant in the case of unmanned vehicles. In this work, we
study a variant of a well-known guidance logic path-following
control and analyze its stability. In particular, we show that the
studied method not only maintains the stabilizing properties in a
neighborhood of the path, but significantly enlarges the domain
of attraction of the control law, both when following a straight
or a curved path.

Index Terms— Path-Following, Nonholonomic Vehicles, Non-
linear Control, Stability Analysis.

I. INTRODUCTION

Path-following control has been studied in recent years as
an alternative formulation to trajectory-tracking, with advan-
tages on the performance of the former, as shown in research
on performance limitations for each formulation [1]. While
in trajectory-tracking the control law drives the vehicle to
follow a time-parameterized reference (i.e., a geometric path
with an associated timing law), in path-following the aim
is to follow closely just a geometric path in space, without
a specific time instant associated with each space location.
The speed at which the path is followed can be controlled
separately, also without compromising performance.

The theoretical advantage over traditional trajectory-
tracking, allied to the importance of guidance laws in un-
manned vehicles research has, not surprisingly, fostered an
extensive literature on path-following control, examples of
which are the recent work [2], the survey [3], and the many
references therein.

This work addresses the stability analysis of a path-
following guidance logic. The guidance law studied here
—termed “LO Guidance Control” — is a modification of
the one presented in [4] and [5], frequently known as
”L1 Guidance Control”. Both methods control the heading
angle of a nonholonomic vehicle by computing the required
centripetal acceleration for the vehicle to join a given path
at a determined target reference point ahead on the path,
only differing on the tuning parameter that defines the target
point: while in the L1 guidance the tuning parameter is the
distance from the vehicle to the target point — the L; vector
magnitude — in the LO guidance law the tuning parameter
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is the distance along the path to the target point — the L
vector magnitude. The modification of the tuning parameter
does not significantly affect the performance, nor the stability
guarantees in a neighborhood of the path. However, selecting
a fixed Ly instead of L; significantly enlarges the domain
of attraction of the control law, with positive consequences
on the robustness of the guidance logic and avoiding the
necessity of switching controllers when the distance to the
path is larger than L;.

The L0 Guidance Control” was first presented in [6], with
a proof of stability for straight paths and where it is applied
to Airborne Wind Energy Systems. It is given by an explicit
formula that can be easily computed from known parameters.
It was also used as a basis controller for a Model Predictive
Control combined strategy in [7]. The performance of both
L0 and L1 controllers is compared for control of tethered
aircraft within the context of Airborne Wind Energy Systems
in [8].

One of the main contributions in this work is to provide
proof of stability of systems following curved paths con-
trolled by the LO law, completing the work of [6]. It is
shown that a nonholonomic system, possibly constrained by
a minimum turning radius, can be made to converge to the
path from within a large basin of attraction.

This paper is organized as follows. In Section II we define
the path-following problem and the type of nonholonomic
systems to which this controller is applied to. In Section III,
we describe the guidance logic addressed — the LO guidance
controller. In Section IV, we discuss the stability results,
providing the proof of stability for both straight and curved
paths.

II. PATH-FOLLOWING

We address the path-following problem for nonholonomic
vehicles with car-like constraints, i.e. vehicles that cannot
turn on themselves and that have bounded curvature trajec-
tories.

The kinematics of such systems can be generally described
by the following equations of motion

&=V cos (¢)
y=Vsin(¢) (1)
Y=V,

where z and y represent the vehicle’s position cartesian
coordinates (p = (z,y)) in a global reference frame. The
angle 1 represents the vehicle’s heading angle, which is
the angle between the vehicle’s velocity V = (i,7) and
the zz axis and V = ||V||. The curvature of the trajectory



TABLE I
NOMENCLATURE

vehicle curvature [rad/m)]

cross—track error [m)]

mass [kg|

cartesian coordinates of vehicle position [m]
vehicle position [m]

closest point on the path to the vehicle position
reference target point on the path

reference target point on the tangent straight path
path curvature radius [m]

vehicle minimum curvature radius [m]

vector joining points @ and R

vector joining points p and R

vector joining points @ and R’
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vector joining points p and R’

vehicle velocity vector and magnitude [m s~1]
angle between vehicle velocity and vector L [rad]
angle between vehicle velocity and vector Lo [rad]
angle between vecotr Lo and vector L) [rad]
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angle between vehicle velocity and vector fll [rad]
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angle between vehicle velocity and vector fo/ [rad]

angle between vecotr LG/ and vector Lall [rad]
half the angle of the arc joining @ and R [rad]
vehicle heading angle [rad]
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is defined by ¢, where |c| is the inverse of the radius of
curvature of the trajectory. The vehicle has a minimum
turning radius R,,;,, imposing an input constraint on the
curvature ¢ € [—1/Ruin, 1/ Rimin)-

Given a reference trajectory ¢ +— (Zyes(t), Yres(t))
[0,7] — R? and the corresponding reference path
{(xr;yr) S Rz LTy = xref(t)ayr = yref(t)at € [OaT]},
we can represent the behaviour of the vehicle relative to a
reference path instead of the global reference frame, using
the relative coordinates (d, 7)), where d is the cross-track error
and 7 is the error on the desired bearing. Considering that
the vehicle is off the path in position p, that @ is its closest
point on the path, and R is a reference point ahead on the
path (see Fig. 1), then d is the distance from p to @) and
7n is the angle between the vehicle’s velocity vector and the
vector joining p to R. When the variables (d,n) are both
equal to O, the vehicle’s adherence to the path is perfect.

ITI. GUIDANCE LoGIC
A. Heading Angle Control

The LO guidance logic uses a reference target in the path
in order to compute the required centripetal acceleration to
follow that reference, depending on the selected parameter
Ly. Firstly, given the coordinates p(z,y) of the vehicle’s
centre of mass, we determine the closest point in the path to
the vehicle (). We then define our reference target point R
as the point ahead in the path distancing L from point @, as
is shown for the straight path case in Figure 1. We are now
able to define the vector Ly, which is the vector joining the
vehicle’s current position p and the reference target point R.
We then compute the angle 1 which is the angle between
the vehicle velocity vector V and fl. Finally, it is now
possible to compute the required centripetal acceleration for
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Fig. 1. LO/L1 Guidance Logic variables [6].

the vehicle to perform a curved trajectory joining the path
in R using the following equation:

2

as = 2—sin

I )

(),
where V = ||V|| and L; = ||L;||. The curved trajectory from
the current position p to the reference point R would follow
a curvature ¢ = 2sin(n)/L; (and a curve radius equal to
1

Ter

B. Domain of Attraction

When the path to be followed is a straight line, L, is given
by L1 = \/(d? + L3 (see Fig. 1). In the case of a curved
path (see Fig. 2), we distinguish between the arc joining () to
R through the path, with curvature radius Ry and arc-length
2vRy, from the vector Ly also joining @ to R. The length
of this vector satisfies Ly = 2Ry sin~y and L; is given by

Ly = v/(dcos (7))% + (Lo + dsin (v))2

:¢w+%( d)

14 Ry
For a straight path, since Ry = oo (v = 0), this simplifies
to L1 = \/d2 +L(2)

The LO guidance offers advantages over the L1 guidance
control, since it enlarges the controller domain of attraction.
When applying the L1 guidance control, we must have a
backup control strategy for when the vehicle distances more
than a fixed L; from the path. Therefore, while the domain
of attraction of the L1 controller is

{(d7 77) d < Llﬂ? € (_77/2a77/2)}

the domain of attraction of the LO controller is, as we shall
see, the set

3)

{(d,n) :deR,n e (—m, 7]}

Regarding the controller domain of attraction with satura-
tion, we must define three different sets: .S; that consists of
the non-saturated region and S and S5 which correspond to
saturated regions (in which the lateral acceleration computed
using Equation 2 does not comply with the maximum
allowable trajectory curvature).



R'

dsin(y)
dcos('y)é

Fig. 2.

Variables used in the curved path stability proof.

Fig. 3. Saturated and non-saturated state space regions [6].

The first region can then be defined as the set:

Sy :={(d,n):deR,ne[-7,7]}.

where 7] is the angle in (0,7/2) correspondent to the limi-
tations of the vehicle manoeuvrability, which can be related
to the minimum curvature radius permitted by the vehicle
Rm'm~

Let S5 and S3 be the sets

Sy = {(d7 77) rd e R,n € (ﬁv 7T])},
SB = {(da 77) td € Rﬂ? S (_ﬂ_7 _ﬁ)}7

The sets S, So and S3 define three partitions of the global
domain of attraction S := {(d,n) : d € R,n € (—n, ]} and
are represented in Figure 3.

623

The final Guidance Logic control law is then represented
as:

2v32

T Sln(?’]) if (d7 77) S Sl,
a,(t) =< Zsin(@)  if (d,n) € S, 4)
—2sin(f)  if (d,n) € S,

C. Parameter Limits

Depending on the vehicle manoeuvrability and its non-
holonomic constraints, there is a minimum radius defining
its possible curvature, i.e. there is a minimum radius R,,;,
for which R,:n < L1 /(2sin (n)).

This inequality allows us to find a relation between our 7
and the other parameters of the controller.

2sin (|n])

|n| < arcsin (

) o
?+ (14 4)LE

min

=i

In| < arcsin

In the case of a straight path, since Ry = oo (v = 0), this
amounts to:

It is also advisable to choose a Ly < 2Ry, since a
parameter Ly > 2Ry may not encounter a reference point R
for small enough cross-track errors d in a circular path.

JETTR

In| < arcsin (

IV. STABILITY ANALYSIS

In this section we prove the stability of the LO Guidance
Logic. We prove that the controller defined in Equation 4
will steer the pair of variables (d, ) in the case of a straight
path and (d,n’) in the case of a curved path to (0,0).

In order to do this, we will use a set of auxiliary variables,
namely a variable 7} (1, in a straight path) that will replace
7’ (or i) in the equations of motion, however we can observe
from Figure 2 (or Figure 4) that when both d and 7}, are equal
to zero so is 7'.

These variables and their relations will be explained as
needed throughout the proof of stability.

A. Main Result

The main result in this paper applies to systems with the
following dynamics with respect to the path:

{d'

1
Here d is, as before, the cross-track error and 7} is the angle

— Vsin (n})

iy 5)

—/

between the velocity vector and vector L; . These variables,
which are shown in Figure 2, and its respective equations of
motion will be further explained below.
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Fig. 4. Variables used in the straight path stability proof [6].

The stability result is established under the following
hypotheses

Hypothesis 1: 'V 0.
Hypothesis 2: 7 < /2.
Hypothesis 3: 0 < Lo < 2Ry.

Remark 1: Although Hypothesis 1 states that V' # 0,
throughout the proof it will be assumed, without loss of gen-
erality, that V' > 0. Hypothesis 2 is required to guarantee a
region in which the Lyapunov function is strictly decreasing.
Hypothesis 3 is required in order to guarantee that a reference
point R can be found.

The main result of this work is the following:

Theorem 1: Assuming that Hypothesis 1-3 hold, the con-
trol law in Equation (4) Asymptotically Stabilizes the dy-
namical system (5), ensuring convergence to the path.

To show this result, we firstly recall the proof of stability
for a straight path shown in [6] and then demonstrate the
proof of stability for a curved path.
Both stability proofs will follow three main steps:
1) States in the saturated regions (S7 and S5) will lead to
S1;

2) The unsaturated set S; is invariant;

3) We can find a Lyapunov function within S; that
establishes convergence of the state pair to the origin
(Asymptotic Stability).

B. Straight Path

In this subsection we show that a vehicle using the
guidance logic in Equation (4) performs a convergent tra-
jectory to a straight path. In other words, we demonstrate
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that the coordinates (d,n) converge to the origin (0,0) (or
equivalently (d, n2), since when d =0 and 72 = 0, n = 0 as
well).

Consider the following equations of motion

{d

72
where d, as mentioned above, is the distance between the
vehicle current position and the path and 7, is the angle
between the velocity vector (‘7') and vector I?O.

L, represents the magnitude of the vector Ly, which is
equal to \/d? 4+ L3 in the case of a straight path. Figure 4
depicts these variables. We consider the lateral acceleration
shown in Equation (4).

= V'sin (12)

as/V, ©

1) States in the Saturated Regions: We begin by showing
that when the system state is in either one of the saturated
regions (Sy and S3) the guidance control will lead the state
to S;.

We start by showing that when the state (d,7) € S, then
the state is driven to S;. Considering an angle 7; defined by
n1 = 1 — 12, we have that:

n =11+ 12,
and from sin (n;) = d/L; we deduce that
I sin

On the other hand and from the dynamics in Equation (6)
we find that

(12)-

7]-1’:7:

—Qg 2V .
= ——ssin

I I (7).

From the combination of these two equalities, we obtain

T2 = 7

= 7 (sin () — 25in(7)). ®)

1

By Equation 7, in region So, the 7y < 0, therefore, even
when sin (12)—2sin (77) > 0 (which, from Equation 8, would
configure an increasing 7)), this inequality will eventually
reduce to a value smaller than zero. Therefore, once 1 < 0, n
will decrease uniformly until the state enters S; (i.e. 7 < 7).

An equivalent proof is possible for the case of Ss, in which
it is proven that 7) > 0 and therefore 7 increases until n > 7,
thus entering in the set 5.

2) S1 is invariant: The second part of the proof relates
to the invariance of the set Sp, i.e. when the system is in the
non-saturated set S7 it will remain in this set.

We can show invariance of the set by demonstrating that
7 in the boundary of the set points inwards (see [9, Thm
4.2.4.).

Let us then consider that n = £7. From Equation (8) we
have that:

i= - (p) — 2sin(@)sign().  ©)
1



Since 7 = |n| > 12 we deduce that
n <0,

proving that the velocity in the boundary of S; points
inwards and therefore S; is invariant.

3) S1 is Asymptotically Stable: The final step comprises
a Lyapunov Stability Analysis within the unsaturated set .S;.

Following [6], we consider the Lyapunov function pair
based on the kinetic energy and the work associated to the
acceleration a4 in the orthogonal direction to the path:

1

~m(d)

d
1
5 2 —|—/ mas cos (n2)dy = §m(Vsin (12))*+ (10)
0

/d 2mV?2
+
0 1

(sin (n — n2) + cos (n) sin (12))dy.
Y
Omitting the mass m as well as the last component of the

integrand, we find our Lyapunov function candidate:

1 d
V= (V sin (12))”

sin (n — n2)dy. (12)
\/7

Owing to the fact that

Y

. . Y
S — = = — = 13
iy =) =sm(n) = £ =~ (3)
we can simplify our Lyapunov function to:
1 s e [P 2y
V= §(V51n(772)) +V /0 L2+y2dy
1
=5 (Vsin (n2))* + V2 (In (L2 + d®) — In (L))
1
= 5 (Vsin (m2))? + V2 (In (L) —In(L2)).  (14)

This equatlon can be easily shown to be positive definite.
Next, we compute the time derivative of the Lyapunov
function along the system trajectory

S o, 2d
V= 3 V< 2sin (n2) cos (n2)n2 + V fEn d2d
Vs . d
= sin (12) <cos (n2) sin (n) — L1> . (15)

Using the relation of Equation (13), we can write Equation
(15) as
V3

V= —L—lsm

Considering the trigonometric functions properties that state
that sin (n — 19) sin (1) cos (n2) — cos (n) sin (n7), this
simplifies to

(12) (cos (n2) sin (n) — sin (7 — 12)).

VS
Y =—""_sin® (n2) cos (n), (16)
Ly
which, since
_ s
nl < il < 5,

is a negative semi-definite function.
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We can apply the invariant set theorem, as in [10, Them.
3.4], to prove the Asymptotic Stability of this controller.

Given that || < 7/2 and V' > 0, the set S := {(d,n2) :
V = 0} must be defined by 7> = 0. Besides, since in
any point where d # 0, the acceleration as; # 0, which
would alter 75, the largest invariant set within S is the origin
(d’ 772) = (Ov O)

Therefore, according to [10, Them. 3.4], we come to the
conclusion that the origin (d,72) = (0,0) is Asymptotically
Stable.

C. Curved Path

Parting from the proof of stability of the LO guidance
control for a straight path, we can develop a similar proof for
curved paths. However, we must begin by introducing a new
set of variables that correspond to a straight path tangent to
the curved one at point (). This tangent straight path and its
variables are shown in Figure 2 highlighted in red.

We introduce a point R’, distancing Ly from @ in the
tangent straight path represented as a dashed red line. The
vector L} (with magnitude L)) joins the current vehicle
position p and the point R'. The angles 7’ and 75 are the
angles between the vehicle velocity vector V and the vector
L’ and the vector L{), respectlvely For the stability proof we
also need to introduce an angle 7} which is defined similarly
tony asny =n"— 5.

In this case we define our state variables as (d,75) which
we would like to reach the origin, representing that the
vehicle is on the path. This is equivalent to a system using
states (d,n’), since when d = 0 and 7, = 0, then ' = 0
(and n = 7). The equations of motion for the system are
represented in Equation (5).

When on the path, since d = 0 and =", the centrlpetal
22 zln (m) _ 2v2 zln M _
1 0

2 . . . . .
‘1'/70’ which is the required acceleration for the vehicle to
remain on the curved path with radius Rj.

acceleration will be equal to as =

1) States in the Saturated Regions: As in the proof for a
straight path, we begin by demonstrating that when (d, n) €
Ss, the state is led to S;.

We have that 7 = i/ +~ and that

i=n'=m -+
From this point on, the proof is in every step similar to the
one of the straight path, being sin (n}) = d/L} from which
we deduce that
d v .,
~ — = —sin(n)).
Ly L 2

V]

Ui

From the equations of motion shown in Equation (5), we

have

—Ts 2V .
= - Hl

L, L,

Finally, combining these equalities

(M) a7

M =

V. (sin() — 2sin(m)).

=1



Similarly to the case of the straight path, we see that
when sin (75) — 2sin(77) > 0 and due to Equation (17),
1% decreases until sin (n5) — 2sin () < 0. Therefore, we
conclude that 7 decreases uniformly until < 7 and (d,n) €
Sy, since 1 =1’ < 0.

2) Sy is invariant: The second step consists on proving
the invariance of S7. Considering, once again, the case when
the state is on the boundary of the unsaturated set, thus n =
47, we have that

Ly
Since 77 = |n| > 1} we deduce

1= —(sin(ny) — 2sin(7))sign(n).

nn < 0.

Consequently, the velocity in every point in the boundary
of Sy is pointing inwards, not permitting the system to leave
the unsaturated set (see [9, Thm. 4.2.4]).

3) S1 is Lyapunov Asymptotically Stable: In order to
prove Asymptotical Stability we will use a similar Lyapunov
Function pair as in Equation (14) from the straight path case:

Y = % (Vsin (n}))? + V2 (In(L3) - In (L))
= J (Vsin(n))’ a8
+ V2 (ln (d2 + L2 (1 + g())) - ln(L3)> - (19)

This function is positive definite with respect to both state
variables. Its derivative along the trajectory is then

. 1 d+2Lgsi .
VY= 3 V2 2sin (nh) cos (n5)1h + g2 @1 2Rosin (7) [(,J;m (V)d
i
2V3 ) d+ 2Lg sin(y
= 27 gin () (cos () sin () — 205
L1 Ll
(20)
This can be shown to be equal to
G E N .
V=-osin (m3) (cos (n3) sin (1) — sin (1 +7)) -
(21)
Since v = 12 — 1}, we have that
2v3 o : /
V= - osin (12) (cos (mz) sin (n) — sin (1 — 1)) ,

(22)

which in combination with the fact that sin (n — 7))
sin (1) cos (n4) —cos (1) sin (n5) culminates in our Lyapunov
function time-derivative:

(23)

which is a negative semi-definite function for || < 7.
Considering the set S := {(d,n5) : V = 0}, since V > 0

and [n| < 7, we must have 7, = 0. Besides, {(d,n5)
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(0,0)} is the largest invariant set in S, due to the fact that
in any other case (i.e. d # 0) the acceleration conveyed by
the guidance law will be a; # 0 steering the system out of
S.

Therefore, applying the invariant set theorem found in [10,
Thm. 3.4], we can conclude Asymptotical Stability of the LO
guidance control for curved paths.

V. CONCLUSIONS

We have studied a path-following guidance method called
LO Guidance and have analysed its stability properties. It
is shown that a nonholonomic system, that might have a
minimum turning radius, can be made to converge to either
a straight or a curved path when using LO Guidance. This
convergence can be guaranteed even when the vehicle is far
from the path, significantly enlarging the domain of attraction
when compared to the well-known L1 guidance, since in
the former method the stability guarantees are not limited to
the case when the cross-track error is smaller than the fixed
tuning parameter.
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