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Total Turning and Motion Range Prediction for Safe Unicycle Control

Abdulla Tarshahani and Aykut Isleyen and Omiir Arslan

Abstract— Safe and smooth motion control is essential for
mobile robots when performing various automation tasks
around obstacles, especially in the presence of people and
other mobile robots. The total turning and space used by a
mobile robot while moving towards a specified goal position
play a crucial role in determining the required control effort
and complexity. In this paper, we consider a standard unicycle
control approach based on angular feedback linearization and
provide an explicit analytical measure for determining the total
turning effort during unicycle control in terms of unicycle state
and control gains. We show that undesired spiral oscillatory
motion around the goal position can be avoided by choosing
a higher angular control gain compared to the linear control
gain. Accordingly, we establish an accurate, explicit triangular
motion range bound on the closed-loop unicycle trajectory using
the total turning effort. The improved accuracy in motion range
prediction results from a stronger dependency on the unicycle
state and control parameters. To compare alternative circular,
conic, and triangular motion range prediction approaches, we
present an application of the proposed unicycle motion control
and motion prediction methods for safe unicycle path following
around obstacles in numerical simulations.

I. INTRODUCTION

Autonomous mobile robots are key enablers for flexible
automation in many various applications settings, including
logistics [1], [2] and service industries [3], [4]. Safe and
smooth autonomous motion around obstacles is crucial for
mobile robots to perform automation tasks in complex envi-
ronments, including interaction with people and other mobile
robots [5]-[7]. Accurate motion prediction plays a key role
in safety assessment, planning, and controlling autonomous
robot motion around obstacles [8]-[13].

In this paper, we consider a standard unicycle control
approach using angular feedback linearization and introduce
an explicit, accurate triangular motion bound for the resulting
closed-loop unicycle trajectory. This prediction is based on
an analytical estimation of the total turning effort and final
orientation of the unicycle control. The improved accuracy
of the triangular motion prediction, compared to alternative
circular and conic motion predictions (illustrated in Fig. 1),
results from its stronger dependence on unicycle state and
control gains. We apply these unicycle motion prediction
methods for safe path-following control around obstacles.

A. Motivation and Relevant Literature

Designing safe and smooth autonomous robot motion
requires systematic understanding and characterization of
closed-loop robot motion under a feedback motion controller.
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Fig. 1. Unicycle feedback motion predictions that bound the closed-loop
unicycle motion trajectory (black line) towards a given goal position (red
dot) using circular (red), conic (orange), and triangular (green) motion sets
for a shared linear control gain of x, = 1 and various angular control
gains (left) ko, = 1, (middle) ko, = 2 and (right) k., = 3. The triangular
motion prediction varies as the control parameters change, mainly due to
its stronger dependency on the control gains.

Existing control approaches for unicycle mobile robots pri-
marily focus on the stability and convergence of closed-
loop robot motion [14]-[19], but pay little attention to the
geometric motion characteristics that are crucial for safety
[20], [21]. In our earlier work [20], we present a family
of conic feedback motion range bounds for a standard inner-
outer-loop unicycle control approach [14] as a more accurate
alternative to the standard circular Lyapunov sublevel sets.
This improvement is mainly due to the observation that, in
addition to the straight-line Euclidean distance to the goal,
the orientational goal alignment distance decreases during the
closed-loop unicycle motion. In a follow-up work [21], we
introduce a new unicycle adaptive headway motion control
approach based on feedback linearization with a headway
point. We demonstrate that under this adaptive headway
control, the closed-loop unicycle motion can be accurately
bounded by a triangular region defined by the convex hull
of the unicycle position, the goal position, and the headway
point. This stronger dependency on the unicycle state and
the control parameter (i.e., the headway point) allows for
a simpler and more accurate motion range bound for the
adaptive headway control. In this present paper, we aim to
bridge the gap between the unicycle control and motion
prediction methods in our previous works [20] and [21].
To achieve this, we explore another standard inner-outer-
loop unicycle motion control approach [16] based on angular
feedback linearization. We provide an explicit measure to
determine both the total turning effort and the final orienta-
tion during the unicycle control. Using the knowledge of the
final unicycle orientation, we build a new accurate triangular
motion range bound that surpasses alternative conic and
circular motion range bounds due to its stronger dependence
on the unicycle state and the control gains.

Predicting the future motion of autonomous systems is
essential for ensuring safety, control, and planning of mobile
robots navigating around obstacles [22]. Feedback motion
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prediction for finding a bounding motion set on the closed-
loop motion trajectory of a mobile robot moving under a
known control policy, allows for informative safety assess-
ment and effective control and planning strategies around
obstacles [11]-[13], [23]. Reachability analysis provides
numerical methods for estimating such motion bounds for a
wide range of control systems [24], [25]. However, it often
involves high computational costs, making it unsuitable for
real-time motion planning and control, and lacks intuitive
understanding and explicit characterization. For globally
convergent autonomous systems, the concept of forward
and backward reachable sets [26] is straightforward. This
is because the forward reachable set corresponds to the
closed-loop system trajectory, given the autonomous nature
of the system. Meanwhile, the backward reachability set
encompasses the entire state space, thanks to global con-
vergence. In robotics, open-loop motion prediction based
on forward system simulation or high-level motion planning
using simple physical motion models (e.g., constant velocity,
acceleration, and turning rates) [27], or predefined/learned
motion patterns (termed as motion primitives and maneuvers)
[28], [29], also finds significant applications. However, such
open-loop motion prediction methods are often not suitable
for verifiable safety assessment, planning, and control. In
this paper, we propose new analytic (circular, conic, and
triangular) motion prediction methods to bound the closed-
loop unicycle robot motion by exploiting the geometric
characteristic properties of the unicycle control. We apply
these feedback motion prediction methods for verifiably
safe unicycle path following around obstacles and compare
their performance with the numerically computed forward
reachable set of the closed-loop unicycle dynamics.

B. Contributions and Organization of the Paper

This paper introduces new explicit model-based methods
for determining total turning effort and feedback motion
prediction for safe unicycle control around obstacles. In Sec-
tion II, we briefly summarize a standard globally convergent
control approach for the kinematic unicycle model using
angular feedback linearization. In Section III, we introduce
an explicit way of determining the total turning effort and
the final unicycle orientation under this unicycle control
approach. Through a systematic analysis of closed-loop
unicycle motion, we design a highly accurate analytical tri-
angular feedback motion prediction method that outperforms
circular and conic alternatives. In Section IV, to compare
these feedback motion prediction methods, we provide an
example application of the unicycle motion control and
motion prediction for safe path following around obstacles
in numerical simulations. We conclude in Section V with a
summary of our contributions and future directions.

II. UNICYCLE DYNAMICS & CONTROL

In this section, we provide a brief description of the kine-
matic unicycle robot model and present a standard unicycle
control approach using angular feedback linearization. We

then highlight important geometric properties of the closed-
loop unicycle motion to build an intuitive understanding and
characterize the resulting motion patterns.

A. Kinematic Unicycle Robot Model

Consider a kinematic unicycle robot moving in a two-
dimensional planar Euclidean space R? whose state is repre-
sented by its position x € R? and forward orientation angle
0 € [—m, ), measured in radians counterclockwise from the
horizontal axis. The equations of nonholonomic motion of
the kinematic unicycle robot model are given by

. cosf :

=l . and 0 =w 1
* [Sm 9] M

where v € R and w € R are the scalar control inputs that

respectively specify the linear and angular velocity of the

unicycle robot. Note that the kinematic unicycle robot model

is underactuated (i.e., it has three state variables, but only two

control inputs) and is subject to the nonholonomic motion

. T
constraint of no sideways motion, i.e., [_c(s)::‘)ﬂ % =0.
B. Unicycle Control via Angular Feedback Linearization

A standard angular navigation objective towards a given
goal position x* € R? involves minimizing the angular head-
ing error 1.« (x, ) of a unicycle state (x,6) € R? x [—, ),
which is defined as the counterclockwise angle from the
unicycle heading direction to the line passing through the
unicycle position x and the goal position x* as

Py (x,0) := arctan ([Czlsneer(x* X)/[Z?EZ]T(X* X)) 2)

where arctan : R — [75 1] denotes the inverse tangent

2772
function and (.)T is the transpose operator. To resolve
indeterminacy, we set ¥« (x,6) = 0 for x = x*.
Under the unicycle dynamics in (1), the angular heading
error 1, (x,0) away from the goal (i.e., x#x*) evolves as

¢ﬁ@ﬁ)=7w+v[ 3)

LT %
—sinf| X" —X
cos ‘

x* —x]?
which follows from the chain and quotient rules of differenti-
ation and the standard trigonometric differentiation identities.
Hence, following a greedy navigation strategy for decreasing
the Euclidean distance to the goal [14] and angular feedback
linearization [16], we design a bidirectional unicycle motion
controller, denoted by u,(x,6) = (v (x,0), we(x,0)),
that determines the linear velocity input vy« (x,6) and the
angular velocity input w,x(x,6) for the kinematic unicycle
model in (1) to move towards to the goal position x* as'

Uy (%, 0) = Ky [E?;Z]T(x* - X) (4a)
Wik (X, 0) = Kb (x,0) + % sin (21, (x, 0)) (4b)

sin 6

Tx* — X [coso]" x*¥—x
cos

= Kty (X,0) + Ky [7 sin 9]

[ —x] [ —x]

where 1, (x, 0) is the angular heading error defined in (2),
and x, > 0 and k,, > 0 are positive scalar control gains for
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the linear and angular velocity, respectively. Note that the
bidirectional unicycle controller in (4) steers the unicycle
either forward or backward, depending on which direction
allows the robot to decrease its distance to the goal as

d F 2 _ cos 6 b % 2

— X = x]® = =2k, || (XF=x)) <0 (5)
Additionally, this bidirectional unicycle controller in (4)
ensures linear dynamics for the angular heading error as

1/.})(* (Xa 0) = 7’iw¢x* (Xa 9) (6)

Therefore, one can conclude the global convergence of the
bidirectional unicycle control from the decreasing Euclidean
distance to the goal and the angular heading error as follow.
(Due to page limitation, almost all proofs are omitted and
can be found in the technical report [30].)

Lemma 1 (Global Convergence) The bidirectional unicycle
motion control Uy« in (4) asymptotically brings all unicycle
states (x,0) e R?x [—m, ) to any given goal position x* € R?,
i.e., the closed-loop unicycle position trajectory x(t) satisfies

@)

: *

tlglalo x(t) = x*.

Most existing unicycle control methods [14]-[19] are capable

of establishing a global convergence guarantee to any given

goal position. However, there are few examples [21] that

allow for the estimation of the final orientation and the

total turning effort during the motion. In Section III below,

we demonstrate how angular feedback linearization in (6)

facilitates the estimation of the total turning and motion range
of the closed-loop unicycle motion.

III.UNICYCLE TOTAL TURNING AND MOTION PREDICTION

In this section, we show that the total turning effort
of the unicycle control by angular feedback linearization
can be explicitly determined in terms of the initial angular
heading error and control parameters. This enables a proper
selection of control gains to achieve (when desired, e.g., for
exploration) or avoid (when undesired, e.g., for minimizing
control effort) spiral circulation around the goal and establish
an accurate motion range bound on the unicycle motion.

A. Unicycle Total Turning Effort

The closed-loop linear heading error dynamics in (6)
enable the explicit determination of the signed total turning
effort of the bidirectional unicycle controller in (4).

Proposition 1 (Total Turning Effort) Starting at t = 0 from
any initial unicycle state (xg,0o) € R? x [—7, 7) towards any
goal position x* € R2, the signed total turning effort of the
unicycle control uyx in (4) along the closed-loop trajectory

Tt follows from the definition of 1, x (x, §) in (2) that

L sin(2uyn (x, 0)) = sin(tby (x, 6)) cos(thy (x, 6))

_ —sing]" X* =X [cosg]" x*—x
| cos@ sin

e —x| ¥ —x]|

2 —5i2)
3
1 == -Zak sin(wy)
o
-1
-2
-4 -3 -2m - 0 ™ 27 37 4
T
Fig. 2. Accurate approximation of the sine integral function Si(z)

over [—m, 7] using a weight sum of three sinusoidal functions, where
the optimal weights and frequencies are obtained using nonlinear least
squares optimization as a; = 1.964,a2 = 0.553,a3 = 0.189 and
w1 = 0.235,wg = 0.656, w3 = 0.931.

(x(t),0(t)) is defined as the infinite integral of the angular
velocity input w,x(x(t),0(t)) and is explicitly given by

O (x0,60) 5=J

0

o0

wer (x(1), (1)) dt (8a)

Ry .
= Py (Xo,@o) + or Sl(2’(/1x* (Xo,eo)) (8b)
where x(x,0) € (=5, %] is the angular heading error

function in (2), k, and kK, are constant positive control gains,

and Si(a) = g %dt is the sine integral function.

Note that the magnitude of the signed total turning effort
is the same as the total absolute turning, i.e.,

rifx* (x(t), 6(t)dt| = Lﬁux* (x(2), 6(¢)de

0
which is due to the monotonicity of the angular velocity
input wyx(x,6) in (4) with respect to the angular heading
error 1y« (x, 00), and the linearity of the angular heading error
dynamics ¥« (x,6) in (6). Moreover, the magnitude of the
total turning effort O« (xo, o) can be expressed and linearly
bounded from above and below in terms of the magnitude
of the initial angular heading error ¥, (xg, fy) as

O (%0, 00)| = |15 (%0, 00)| + 5= [Si(2¢hxx (%0, 60))| (9)
|thx (x0, 00) | < Ok (%0, 60)] < (14 52) [thx (%0, 00)[(10)

which follows from the fact that the sine integral function
Si(a) is monotone increasing over [—, 7], since % >
0 for any a« € [—m, 7], and it is linearly bounded as
[Si(a)| < |a| over [—m, 7], as illustrated in Fig. 2. Therefore,
in cases where it is undesirable, for example, to minimize
control effort and travel distance, one can avoid spiral
circulation around the goal by setting x, < K, ensuring that
|©x (X0, 00)| < 2|1y (X0, 60)| < 7. Similarly, in cases where
it is desirable to explore the goal region while approaching
the goal, as seen in nature with insects [31], [32], one can
achieve spiral circulation around the goal by setting K, > K.

The explicit form of the total turning effort O« (xo, 6p)
in (8) also allows for determining the final unicycle orienta-
tion, denoted by 0%, (xo, ), when the robot asymptotically
reaches to the goal x* (up to the equivalence of angles) as’

9::* (XO7 90) = thnolo 9(15) = 90 + @x* (Xo, 90) (11)

The final unicycle orientation plays a key role in accurately
bounding the closed-loop unicycle position trajectory later in

|®x* (Xo, 90)| =
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Proposition 2 since it determines the approach angle to the
Ky

goal for £52-Si(2¢, (x0, o) € [~ F, 2] (.., when £, < )
because the angular heading error of the final orientation is

Si(24)yx (%0, 60))

Ry

Py (X0, 0 (x0,00)) = — 5

12)

K
for 57-8i(2¢xx(x0,00)) € [—F, 3], which is due to the
following properties of the angular heading error 1, (x, 0)

wx* (Xv 0+ ¢x* (Xv 9)) =0
o (%, 0 + Py (x,0) +0') = =0 VO € (-5, 5]

13)
(14)

Hence, for x, < Kk, the total turning effort and the current
and final angular heading errors are related to each other as

Oy (X, 0) = hyx (x,0) — hyx (x, 054 (x, 0))
|®X* (Xa 9)| = W}x* (Xv 9)| + W}x* (Xv ::* (Xa 9)) | .
since the current and final heading errors, respectively, have

the same and opposite signs with the total turning effort, i.e.,
Oxx (X, 0)yex (x,0) =0 and e (x, 0) Py (x, 0%, (x, 0)) <O.

(15a)
(15b)

B. Unicycle Motion Range Prediction

The monotone decrease of the distance to the goal in (5),
the exponential decay of the angular heading error in (3),
the explicit form of the total turning error in (8) and the
final orientation angle in (11) allow us to establish circular,
conic, and triangular motion range bounds on the closed-
loop unicycle position trajectory. To highlight key geometric
characteristics of the closed-loop unicycle motion, we find it
useful to introduce several fundamental geometric elements
that define the unicycle motion range, illustrated in Fig. 3.

Lemma 2 (Projected Goal on Heading Line) The closest
point Xx (x, 0) of the heading line H (x, 0) of a unicycle state
(0,x) to the goal position x*, and its reflection X, (x,0)
with respect to the goal line [x,x*] are given in terms of the
angular heading error in (2) by

Xy (X, 0) := x + cos(¢y (x, O)R(—1yx (x, 0)) (x* —x) (16a)
X4 (x,0) 1= x + cos(Pyx (x, O) R(+1hyex (x, 0)) (x* —x) (16b)

where H(x,0):= {x—i—a[ZE:ZHaER} is the line that passes

through x with orientation 0, the goal line passing through x
and x* is denoted by [x,x*]:={ax+(1—a)x*|acR}, and
R(G) o [cos@ —sinf

. is the 2D rotation matrix.
sinf  cosf

Lemma 3 (Heading Line Intersection) For control gains
Ky < Ky, the intersection point Xyx(x,0) of the cur-
rent heading line H(x,0) and the final heading line

2A unicycle orientation angle 6 is an element of R/ ~ where two angles
«, 3 € R are equivalent, denoted by o ~ S, if and only if a = 8 + 27k
for some integer k£ € Z. Hence, the final unicycle orientation 9:* (x0,60)
in [—m, ) satisfies

9:‘* (x0,60) ~ tlLI{:o 0(t) = 0o + O,x (x0,00)
= mod (00 + @x* (X0,00) +m, 27‘-) -7

where mod denotes the modulo operator.

Fig. 3. Key characteristic geometric points of the closed-loop unicycle
motion determining triangular motion bounds (blue), which are symmetrized
to obtain diamond-shaped motion prediction (green), are compared to the
circular (red) and conic (orange) motion predictions. The initial and final
orientation and heading errors, relative to the straight line between the initial
position and the goal positions, are depicted with the black and red arrows.

H(x*,0%,(x,0)) of a unicycle state (x,0), and its reflection
X4 (x, 0) with respect to the goal line [x,x*] are given by’

sin (Y (x, 0% (x,0)))
- WR(*%(* (x,9)) (X* —X)

=30 - SR (i (. 05 (. 0)) (" ) (17a)
_ Sin(wx* (X7 9:* (Xv 9)))
sin(O,x (x, 0))

= x* %R(wﬁ (x, 0% (x,0)) (x* —x) (17b)

Rk (x,0):=x

R (4t (x, 0) (x* —x)

)?1* (X7 0):= X

A bounded total turning effort, for example, |© .« (x, 0)| <
m, can be achieved by setting control gains as k., < k. This
facilitates the establishment of a simple triangular motion
range bound on the closed-loop unicycle position trajectory.

Proposition 2 (Triangular Motion Bound) If the linear ve-
locity gain is less than or equal to the angular velocity gain,
i.e., Ky < Ky, the closed-loop unicycle position trajectory
x(t) under the unicycle control uyx in (4), starting att =0
from any unicycle state (xg,0y) € R? x [—m, ) towards
any given goal position x* € R2, is contained in the convex
hull of the initial unicycle position xq, the goal position x*,
and the intersection point X, (Xo, 0o) of the initial and final
heading lines in (17), i.e.,

x(t) € conv(xg, x*, X (x0,00)) VE =0 (18)
where conv denotes the convex hull operator.
Proof. See Appendix 1. ]

Note that the direction of close-loop unicycle motion,
and therefore the triangular motion range bound, changes
discontinuously when the angular heading error magnitude
is m/2 (ie., [ty (x,0)| = 5), with respect to changes in

3For any unicycle state (x, 6) with nonzero angular heading error relative
to the goal x*, i.e., 1% (x,0) # 0, the intersection point of the current
and final heading lines, H(x,0) and H(x*,0%*), where 0% := 9:* (x,0),
can be alternatively determined as

_w D
_ [ e =)
Rk (x,0) =x—+—————

—sind]" *
cosf| _ _x [6059]()( —x) cos 0%
—sing*][cos o [Sin@] =X {Sin 9*]'
[CDSG* ] [sinG]

— sin 0] [cos 6*
cos sin 6%

2756



unicycle state and goal position, as seen in Fig. 3. Hence,
below, we consider a symmetrized version of the triangular
motion bound by reflecting it around the line passing through
the unicycle position and the goal location. This results in a
continuous feedback motion prediction that ensures Lipschitz
continuity in its distance to any given point (see Proposition
6), which is critical for safe and smooth motion control [12].

Definition 1 (Diamond-Shaped Motion Prediction) To con-
tinuously bound the closed-loop unicycle motion under the
unicycle control uyx in (4), for any x, < k., and unicycle
state (x, ), we define the diamond-shaped unicycle motion
prediction, denoted by M, (x,0), as the convex hull of
the unicycle position x, the goal position x*, the intersection
point X, (x, ) of the current and final heading lines, and its
reflection X7, (x, #) with respect to the goal line in (17) as

Mux*,D(X7 0) := conv(x,x*, Xk (x,0), Xox (x,0)).  (19)

As the unicycle control in (4) continuously reduces the
positional distance to the goal and consistently aligns the
orientation with the goal by decreasing the angular heading
error, the closed-loop unicycle position trajectory can also
be bounded by circular and conic motion sets [20].

Proposition 3 (Circular & Conic Motion Predictions) For
Ky > 0and k., > 0, Starting at t = 0 from any unicycle state
(x0,00) € R? x [—m, ) towards any goal position x* € R?,
the unicycle position along the closed-loop unicycle trajec-
tory (x(t),0(t)) of the unicycle dynamics in (1) under the
bidirectional unicycle control in (4) is contained for all future
times in the conic motion prediction set M, _,, c(xo, o), con-
tained in the circular motion prediction set Mux*,B(Xm o)
(i.e., X(t) € Mux*,C(X07 6‘0) o Mux*)B(XQ, Oo)for allt = 0)
that are, respectively, defined as

Moy .c(x0,00) := C(x0, x*, [thex (%0, 00)])
My, B(x0,00) := B(x*, [x0 — x*|)

(20)
21

where B(c, p) := {y € R?||ly — c| < p} denotes the closed
Euclidean ball centered at ¢ € R? with radius p =0, and
C(a,b,0):={a+a(z—a)|ae[0,1],z € B(b,sin(d)|a—b|)}
denotes the closed convex cone* with apex point a € R?,
base point b € R? and cone angle® 0 € [0, 7/2].

Note that the conic motion prediction can be decomposed
as a union of a triangle and a circle, using the projected goal
point X« (x,6) and its reflection X7 (x, ) in (16), as

My ¢ (x0, Oo) = conv(xo, Xyx (X0, 00), Xk (X0, 00))
U B(x* ||Zyex (%0, 00) — x™|) (22)

which is useful for fast collision checking and distance-to-
collision computation.

As a ground truth, it is also convenient to have the exact
forward motion set of the closed-loop unicycle motion.

“The convex cone C(a,b,8) is the convex hull of the point a and the
ball B(b, sin(#)|a—bl|)), i.e., C(a, b, ) = conv(a, B(b, sin(f)|a—bl|).

5The cone angle is the angle between the line passing through the apex
and base points and the cone boundary.

Fig. 4. Positive inclusion and radial decay of unicycle feedback motion pre-
dictions represented as (left) ball-shaped, (middle) cone-shaped, and (right)
diamond-shaped motion bounds on the unicycle trajectory (black line).

Definition 2 (Forward-Reachable Motion Set) To capture the
exact future unicycle motion under the unicycle control u,,
starting at ¢t =0 from any unicycle state (xq,6p), we define
the unicycle forward-reachable motion set M, F(x0,00) as

(1) = v (x(8), 0| g |
H(t) = Wy (X(t)v H(t)),
x(0) = x,0(0) = 6o, t > 0} (23)

M, ¥ (%0, 00) := {X(t)

where v, (x,0) and wyx(x,6) are the unicycle linear and
angular velocity control in (4).

The forward-reachable motion set of the unicycle con-
troller does not accept a closed-form solution and needs
to be numerically computed. It has the positive inclusion
and asymptotic radial decay properties, but its minimum
distance to a point might discontinuously change when the
goal is changed. We below highlight some useful properties
of the proposed unicycle motion prediction methods that are
essential for provably correct safe motion control [12], [23].

Proposition 4 (Positive Inclusion of Motion Prediction)
The circular, conic, diamond-shaped, and forward-reachable
motion prediction sets for the unicycle control uyx in (4) are
all positively inclusive along the closed-loop unicycle state
trajectory (x(t),0(t)), as illustrated in Fig. 4, i.e., for any
Mux* € {Mux* By Mux* ,Cs Mux* ,D» Mux* ,F}

My, (x(),0(t) 2 My, (x(t),0(t")) Yt'=t. (24
Proposition 5 (Radial Decay of Motion Prediction) Along
the closed-loop unicycle state trajectory (x(t),0(t)) of the
unicycle controller uyx in (4), the circular, conic, diamond-
shaped, and forward-reachable motion prediction sets
asymptotically shrink to the goal position x* as their radii
relative to the goal asymptotically decay to zero (see Fig. 4),
Le., for any M,_,, € {Mux*vaMux*ycvmux*yDvMux*yF}

[ —x*| =0 (25)

lim max

10 XMy _y, (x(£),0())
Proposition 6 (Distance to Motion Prediction) For any uni-
cycle state (x,0) € R? x [—m, ), goal position x* € R? and
motion prediction set Mux* € {Mux*;B7Mux*;C7Mux*7D}’
the minimum distance miny ey, 4 (5.0) |y —x'|| of any point
y € R? to the motion predictionx set My (x,0) is a locally
Lipschitz® continuous function of the unicycle position x, the
unicycle orientation 0, the goal position x*, and the point y.

2757



Finally, it is useful to highlight the inclusion relation of
unicycle feedback motion prediction methods seen in Fig. 1.

Proposition 7 (Inclusion Order of Motion Predictions) For
control gains Kk, < Kk, and any unicycle state (x,0) with
a total turning effort of |Oux(x,0)] < T towards the
goal position x*, the proposed unicycle feedback motion
prediction methods for the unicycle control uyx in (4) satisfy

Mux*,F(X, 0) < M“x* D(x,0) < Mux*,C(X7 0) < MUX*»B(Xv 6).

IV. SAFE UNICYCLE PATH-FOLLOWING CONTROL

In this section, we demonstrate an example application
of the unicycle motion controller in (4) and the associated
unicycle feedback motion prediction methods for safe path
following of a reference path around obstacles using a time
governor [23]. In short, a time governor performs an online
continuous time parametrization of a reference path for
provably correct and safe path following based on the safety
of the predicted robot motion [23]. The time-governor frame-
work requires a feedback motion prediction method that
has asymptotic radial decay (Proposition 5) and Lipschitz-
continuous point distance (Proposition 6) properties, and
enjoys positively inclusive motion prediction (Proposition 4).

A. Time-Governed Safe Unicycle Path Following

Consider a disk-shaped unicycle robot of radius p > 0,
centered at position x € W with orientation 6 € [—7, ), that
operates in a known static bounded environment W < R?
with a collection of obstacles represented by an open set
O < R2. Hence, the robot’s free space, denoted by J, of
collision-free positions is given by

F:= {xe W|B(x,p) € W\O} (26)

where B(x, p) := {y € R?||y — x| < p} is the closed Eu-
clidean ball centered at x € R? with radius p > 0, repre-
senting the robot’s body. Let p(s) : [Smin, Smax] — F be a
Lipschitz-continuous, collision-free reference path connect-
ing a specified pair of start and goal positions Xgtart, Xgoal €
F such that p(Smin) = Xstart a0d P(Smax) = Xgoal and it has
a positive clearance from the free space boundary ¢F.
Starting at ¢ = 0 with the initial path parameter s(0) =
Smin, the initial unicycle position x(0) = Xgtart, and any
initial unicycle orientation 6(0) € [, 7), we design a safe
unicycle path-following controller with online continuous
time parametrization, using the unicycle motion controller
Up(s) (%, 0) = (vp(s) (X, 0), wp () (x, 0)) in (4) towards the path
point p(s) and an associated feedback motion prediction

method M, (x,6) from Section III-B, as
§ = min(mgdistg(Mup(s)(x, 9)) ,—ms(s—smax)) (27a)
X = ’Up(s) (X, 9) (27b)
0 = wy(s)(x,6) (27¢)

Here, local Lipschitz continuity is necessary to manage arbitrary contin-
uous changes in the goal position [12], as for safe path-following control in
Section IV. This requirement can be relaxed if a discrete-time goal update
with an advance safety check is employed.

where x,,ks > 0 are fixed positive control coefficients,
and the safety of the unicycle motion is measured by the
minimum distance between the feedback motion prediction

set My, ., (x,0) and the free space boundary 0F as
min |a—bl, if My, (x,0)SF
: aeMy (X,
dlStj'(Mup(S)(X, ) := s
0 , otherwise.

The safe path following dynamics in (27) incrementally
increase the path parameter s, based on the safety of the
predicted unicycle motion until reaching the end of the
path, while the unicycle robot under the feedback motion
control up(,) chases the current reference path point p(s)
as a local goal. Since the reference path p is assumed to
have a positive clearance from collisions, the asymptotic
radial decay property of the feedback motion prediction
guarantees that the path parameter s(¢) and the unicycle
robot position x(t) under the safe path following controller
in (27) asymptotically converge to the end of the reference
path while also guaranteeing that the unicycle robot stays
away from collisions along the way [23], i.e.,

x(t)eF Vt=0, tlg& 5(t) = Smax, tlg& x(t) = p(Smax)-

B. Numerical Simulations

In this part, we provide example numerical simulations’
to demonstrate safe path following of a unicycle mobile
robot around obstacles using feedback motion prediction.
In Fig. 5 and Fig. 6, we present the resulting unicycle
position trajectories and velocity profiles during safe unicycle
path following using the ball-shaped, cone-shaped, diamond-
shaped, and forward-reachable feedback motion prediction
methods of the unicycle motion control in (4). As a ground
truth, we use the forward-reachable motion set of the uni-
cycle motion control that is numerically computed. As seen
Fig. 6, the accuracy of feedback motion prediction influ-
ences the resulting unicycle motions, leading to significant
variations in both speed and travel time. As expected, the
forward-reachable motion prediction method shows superior
performance in terms of average speed and travel time,
although this comes at a significantly higher computational
cost. In addition to numerically computing the forward-
reachable motion set, computing the distance-to-collision at
each point of the forward-reachable motion set for safety as-
sessment is computationally demanding. On the other hand,
the diamond-shaped unicycle motion prediction demonstrates
comparable performance like the forward-reachable motion
prediction at a significantly lower computation cost because
of its simple triangular shape and explicit analytical form in
(19). The conic motion prediction also exhibits reasonable

7For all simulations, unless specified, we set linear and angular control
gains as kK, =1 and k, = 2 for the unicycle control, and the control coeffi-
cients for the time governor in (27) ks =4, Ko =4. We use the arc-length
parametrization of a given reference path p(s) such that the reference path
length L determines the path parameter range as [Smin, Smax| = [0, L]. All
simulations are obtained by numerically solving the time-governed unicycle
path-following dynamics in (27) using the ode45 function of MATLAB.

2758



“Ig:_ Y g
i

T

W

(a) (b)
Fig. 5.

(©) ()

Time-governed safe unicycle path-following control around obstacles using feedback motion prediction. The safety of the unicycle motion is

constantly verified using (a) ball-shaped, (b) cone-shaped, (c) diamond-shaped, (d) forward-reachable motion predictions. The unicycle robot motion is
illustrated by blue lines, where blue bars indicate robot speed. Yellow regions show an instance of the feedback motion prediction during the robot motion
towards a moving point (red point) along a given reference path (red line). Here, we set a shared control gain of K, = 1 and k., = 2 for all simulations.
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Fig. 6. Unicycle speed profiles during safe path following around obstacles
using different unicycle feedback motion prediction methods (ball-shaped
Mg, cone-shaped M, diamond-shaped Mp, and forward-reachable Mp).
These profiles are presented for a shared linear gain of x,=1 and two differ-
ent angular gains: (left) k=2 and (right) k., = 3. Higher angular gain leads
to faster robot motion and a smaller diamond-shaped motion prediction.

performance at a similar computational cost to the diamond-
shaped motion prediction. However, it is relatively less
accurate as it depends on the unicycle state but has no direct
dependency on control parameters. The circular unicycle
motion prediction results in the slowest motion because it
is the most conservative and less accurate compared to other
unicycle motion predictions, relying solely on the unicycle’s
distance to the goal. Overall, feedback motion prediction that
strongly depends on the robot’s state and control parameters
can more accurately capture the closed-loop robot motion,
enabling faster safe robot motion around obstacles.

V. CONCLUSIONS

In this paper, we introduce a highly simple, highly accurate
triangular feedback motion prediction method for a standard
unicycle motion control approach with angular feedback
linearization. We achieve this by explicitly determining the
total turning effort and the final orientation of the unicycle
control, enabling us to build an intuitive geometric character-
ization of the closed-loop unicycle motion. We also present
circular and conic feedback motion prediction methods based
on other important properties of the unicycle control, such
as decreasing the positional goal distance and the orienta-
tional goal alignment distance. In addition to mathematically
demonstrating the superior accuracy of the triangular motion
prediction over the circular and conic alternatives (Proposi-
tion 7), we showcase and compare example numerical appli-
cations of these feedback motion prediction methods for safe
path following around obstacles. We observe that the strong
dependency of the triangular feedback motion prediction on
the unicycle state and control parameters yields a comparable

performance as the exact forward-reachable motion set of the
unicycle control at a significantly lower computational cost.
This makes the triangular feedback motion prediction the
most suitable method for real-time safety-critical applications
of unicycle mobile robots.

Our current work in progress focuses on perception-aware
safe unicycle motion control with real hardware experiments,
especially for safe robot navigation in unknown dynamic
environments [33]. Another promising research direction is
the use of feedback motion prediction in model predictive
control and sampling-based motion planning [34].
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APPENDIX I
PROOF OF PROPOSITION 2

Proof. The result trivially holds for xqg = x* since

Xy (X0, 0p) € [x0,x*]. Hence, for the rest of the proof, we

assume the unicycle is away from the goal, i.e., xg # x*.
To observe that the unicycle position x(t) along

the closed-loop unicycle trajectory (x(t¢),6(t)) stays in

conv(xg, x*, X (X0, o)), we show below that if the unicy-
cle approaches to the boundary of conv(xg, x*, Xy (X0, 00)),
its velocity vector x(¢) always points towards a point in
conv(xg, x*, X (X0, 0p)). Therefore, the unicycle position
x(t) remains in conv(xg,x*, X (X0, 00)) because of the
Nagumo sub-tangentiality condition [35].

Recall from (6) that the linear angular heading dynamics
ensure a monotonically decaying angular heading error, i.e.,

|thex (x(1), 0(t))| = |thwx (x('),0('))| V' >t > 0.

Moreover, the linear velocity control is defined in (4) as

s 0)[ (] = e[ Song] 6 =t
Ko €08(Yyx (X, 0) )R (—thx (x,0)) (x* — x)

which is due to the following relations

cos 0" %
[Sin 0} (X - X)
X
(Y
So the unicycle moves in the direction of R(—,«(x,0)) (x*—x).
Accordingly, one can observe as below that if the unicycle
reaches the boundary of conv(xg, x*, X (xo,60)), it moves
towards a point within that convex hull.
o If x(t) = x*, then %(¢)=0 and x(¢') =x™* for all ¢’ > ¢.
o If x(t) € [Xex (X0, 6p),x*), then we have

e (x(2), 0505 (x(2), 0(1)) = 1o (x(2), 05 (%0, 60))
= 0= — 5 Silues (x(1), (1)
which implies the unicycle has zero angular heading error,
i.e., Py (x(t),0(t) =0, and so it moves towards the goal x*
since X ~ R(—1x (x(t), 0(2) (x* — x(t)) = x* — x(1).
o If x(t) € [x0, Xy (X0,00)] or x(t) € [x0,x™), then the
unicycle heading error satisfies

[sex (x(8), O (E)| < [t (0, 60)
< |4 Ry (x0, 0) —x (1), x* —x(£))]

where all these angles share the same sign, and we denote by

A (u,v) := arctan((R(ﬂ)u)Tv / uTv> the counterclockwise

2

] x = x). As
a result, the unicycle velocity x points in the direction of
R(—t)y (x(t),0(t)))(x* — x) from x(t) to a point between
the intersection point X, (X0, fp) and the goal x*, within the
set conv(xg, x*, X, (X0, 00))-

Therefore, the unicycle always moves towards a point
within conv(xg,x*, X, (X0, 0p)), which in turn defines a
bound on the unicycle position trajectory x(t) for all future
times ¢ > 0, which completes the proof. |

X

= cos(Yx (x,0)) [ x — x|

X*—X

= R(=¢x (x,0))

* —x|”

(28)

angle from u to v, e.g., Yy (x,0) = 4([
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