
Clock Steering Techniques for Atomic Clocks of Arbitrary Order

Priyanka Dey1, Sathishkumar Murugesan1, Takahiro Kawaguchi2, Yuichiro Yano3, Yuko Hanado3,
and Takayuki Ishizaki1

Abstract— In this paper, we have explored the possibility to
exploit control theory to introduce new steering techniques for
atomic clocks of arbitrary order. Current studies show that most
of the well-known steering methods are developed for the two-
state atomic clock model and not much attention is paid to find
efficient steering methods for higher-order atomic clocks. We
introduce two novel clock steering methods for atomic clocks:
one based on output stabilization problem and the other based
on frequency deviation regulation problem. First, we prove
the existence of control laws for the solvability of these two
problems for atomic clocks. Second, to find a suitable control
law for both steering problems, we outlined efficient procedures
to obtain gain matrices and used the Kalman filter for state
estimates. A few numerical examples have been given to analyze
the performance of the proposed control approaches.
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I. Introduction

The steering of frequency standards (atomic clocks) plays
a crucial role in the time and frequency community. Depend-
ing on the task, steering is used to synchronize the master
clock in the national timing laboratory of each country to the
coordinated universal time (UTC) [1], to obtain the physical
realisation of the paper clock time scale [2], to steer global
navigation satellite system time to the local representation
of UTC [3], referred as UTC(k), where k stands for the
specific national laboratory, for instance k=BIPM for France,
k=USNO for USA. The chief purpose of steering a time
scale or clock is to minimize its deviation with regard to
the reference time scale, or clock in terms of phase and/or
frequency value while improving its frequency stability char-
acteristics, which is usually evaluated by means of Allan
variance/deviation [4], [5].

Several works have proposed various steering methods in
the literature. On the one hand, most of the works are based
on classical heuristic principles [6], [7]. For instance, signal
based open-loop method is being utilized for compensating
for the frequency offset [8]. On the other hand, some of the
recent algorithms rely on various optimal control techniques
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[9]. The control techniques which are generally used for
steering are linear quadratic Gaussian (LQG) [10], [11] and
pole placement (PP) [12], respectively. Recently, a compar-
ative study of the overall performance of LQG and PP for
steering an oven-controlled quartz oscillator (OCXO) towards
a rubidium clock is performed by means of simulation as well
as in hardware setup [13].

Over the years, based on the experimental evidences, the
time and frequency community researchers have obtained
reliable models of atomic clocks. Indeed, it has been shown
by experimental evidences that the time deviation (also
called phase deviation) from the ideal clock behaviour can
be modeled as a stochastic process. For example, a two-
state model of atomic clocks with states as time deviation
and frequency deviation was introduced in [14]. In [15],
the two-state model was generalized to a three-state model
by adding an additional state called frequency drift, which
is useful for modelling rubidium clocks. The well-known
control techniques such as the LQG control and the PP
method which are extensively used for steering a time scale to
another are only applied to two-state model of the clock. This
is because the system model for three-state atomic clock is
neither controllable nor stabilizable. Furthermore, to the best
of our knowledge, there are no clock steering methods yet
presented in the literature which could handle the case where
both the reference clock and the clock to be controlled have
arbitrary order but with an equal number of states. Thus,
it would be interesting if we could propose some efficient
steering methods for arbitrary order atomic clocks, which is
the main objective of this work.

In this paper, we begin with showing that the state-
space model of atomic clock used for steering of one time
scale to another is neither controllable nor stabilizable; see
Subsection III-A for more details. We propose two novel
steering techniques by using tools from control theory for
atomic clocks of arbitrary order. Both the techniques involve
to find suitable control laws for output stabilization and
for frequency deviation regulation, respectively. Firstly, we
show that these two problems are solvable for atomic clocks.
Secondly, for each problem, we outline a procedure to obtain
a suitable gain matrix with some restriction on its entries for
the control law to accomplish the desired objective of output
stabilization or frequency deviation regulation.

Moreover, the two steering methods are compared through
numerical simulations of two basic clock steering problems.
The first problem involves steering a cesium clock, which
may represent UTC(k) time scale against a reference time
scale such as UTC. Second problem deals with steering a
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hydrogen maser against a reference cesium clock. The simu-
lation results highlights the advantages and disadvantages of
the two proposed steering methods.

The rest of the paper unfolds as follows. The continuous-
time and discrete-time standard model of an atomic clock of
arbitrary order is introduced in Section II. We explain the
basic state-space model for clock steering which we will use
in this paper, and also discuss about its controllability and
stabilizability in Section III. We introduce the two steering
methods relying on the ideas of output stabilization and
frequency deviation regulation in Section IV and Section
V, respectively. In Section VI, we give several examples to
exhibit the usefulness of the techniques developed. Section
VII concludes the paper.
Notations: The set of complex numbers, real numbers,
positive real numbers, and positive integers are denoted
by C, R, R+, and N⋆, respectively. For r ∈ N⋆, we let
[r] = {1, 2, 3, . . . , r}. For a matrix A ∈ Rn×m, A⊤ denotes
its transpose. Furthermore, the kernel matrix A is denoted
by KerA. We denote a diagonal matrix of dimension n with
diagonal entries as a1, a2, . . . , an as diag(a1, a2, . . . , an),
and In denotes the identity matrix of dimension n. Finally,
E[·] represents the expected value.

II. Background
A. System Description of Atomic Clock Model

An atomic clock is an independent oscillator which gen-
erates sinusoidal signals and displays clock reading f(t)
which differs from the ideal clock reading f0(t) = t of
the ideal clock at time t. The time difference between the
clock reading and the ideal clock reading is called time
deviation (also referred as phase deviation) and is given
by ∆f(t) = f(t) − f0(t). It has been shown [16] from
experimental observations that the time deviation can be
modelled as a stochastic process

∆f(t) =

n∑
i=1

αit
i−1

(i− 1)!

+
n∑

i=1

∫ t

0

∫ t1

0

· · ·
∫ ti−1

0

ζi(ti)dti · · · dt2dt1,
(1)

where n is the order of the clock, αi ∈ R+ for i ∈ [n] denotes
constant parameters corresponding to the clock’s initial state,
and ζi(t) for t ≥ 0 represents a white Gaussian process with

E[ζi(t)] = 0,

E[ζi(t)ζi(t+ τ)] = σ2
i δ(τ),

E[ζi(t)ζj(t+ τ)] = 0, for all τ ∈ R, i ̸= j,

for some non-negative parameters σi ≥ 0, i ∈ [n]. For
example, the order n = 3 is used for rubidium clocks.

The stochastic signal ∆f(t) in (1) can be characterized by
n stochastic differential equation as

ẋi(t) = xi+1(t) + ζi(t), for all i ∈ [n− 1]

ẋn(t) = ζn(t),

where x1(t) is the time deviation ∆f(t) with the initial state
being xi(0) = αi, i ∈ [n]. Consequently, the state equation
of an atomic clock is

ẋ(t) = Ax(t) + v(t), (2)

where x(t) = (x1(t), x2(t), . . . , xn(t))
⊤ ∈ Rn, v(t) =

(ζ1(t), ζ2(t), . . . , ζn((t)) ∈ Rn, and the state matrix A ∈
Rn×n is

A =


0 1 0 · · · 0
0 0 1 · · · 0
...

. . .
. . .

...
... 0 1
0 0 · · · · · · 0

 . (3)

The process noise v is a white Gaussian noise with E[v(t)] =
0, and E[v(t)v⊤(t + τ)] = Qδ(τ), for all t ≥ 0, where the
covariance matrix is Q = diag(σ2

1 , σ
2
2 , . . . , σ

2
n).

B. Discrete-time State-space Model
Consider a time sequence {t0, t1, . . .} with the difference

between any two adjacent times taken as a constant τ , i.e.,
tk+1 − tk = τ for k = 0, 1, 2, . . .. From the solution of
the continuous-time model in (2), we obtain its discrete-time
counterpart as

x(k + 1) = A(τ)x(k) + v(k), (4)

where the discrete-time state x(k) = x(tk) and the discrete
time state matrix A(τ) = eAτ . Furthermore, the process
noise v(k), k = 0, 1, . . . is a Gaussian process which is
independent and identically distributed with
E[v(k)] = 0, E[v(k)v⊤(k)] = Q(τ), for all k = 0, 1, . . . .

where the covariance matrix is given as

Q(τ) =

∫ τ

0

eAtQeA
⊤tdt. (5)

In other words, v(k) ∼ N (0, Q(τ)). In the clock model
(2) (resp. (4)), the state variables x1(t), x2(t), x3(t) (resp.
x1(k), x2(k), x3(k)) represent the time deviation, frequency
deviation, and frequency drift, respectively.

III. Clock Steering Problem Setup
Consider two clocks 1 and 2 independent of each other.

Let clock 1 be the reference clock and clock 2 be the clock
to be controlled. The state equation of clock 1 is given by

xref(k + 1) = A(τ)xref(k) + vref(k), (6)

where xref(k) ∈ Rn, vref(k) ∼ N (0, Qref(τ)).
In order to keep the time deviation and/or frequency

deviation of clock 2 close to the reference clock, a control
input u(k) is applied to clock 2. Thus, the state equation of
clock 2 is

xc(k + 1) = A(τ)xc(k) +Bu(k) + vc(k), (7)

where xc(k) ∈ Rn, vc(k) ∼ N (0, Qc(τ)).
Even though the internal state of the atomic clocks can

not be measured, the difference between the time deviation
of clock 1 and clock 2 is measurable using a particular
technique such as DMTD (Dual Mixer Time Difference). Let
the discrete time output y(k) be the measured time deviation
difference between the two clocks, i.e.,

y(k) = xc
1(k)− xref

1 (k) + w(k), (8)
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where y(k) ∈ R, w(k) ∼ N (0, r2) is a Gaussian process
representing the measurement noise, where r ∈ R+.

The output equation (8) can be rewritten as

y(k) = C
(
xc(k)− xref(k)

)
+ w(k),

where R1×n ∋ C=
[
1 0 · · · 0

]
, w(k) ∼ N (0, r2).

Define
xu(k) = xc(k)− xref(k)

which describes the behaviour of the difference between
clocks 1 and 2. Then, by using (6) and (7), the dynamics
of xu(k) is given by

xu(k + 1) = A(τ)xu(k) +Bu(k) + vu(k), (9)

where xu(k) ∈ Rn, A(τ) = eAτ , vu(k) is a white Gaus-
sian noise with zero mean and covariance matrix equal to
Qref(τ) +Qc(τ), i.e., vu(k) ∼ N (0, Qref(τ) +Qc(τ)).

The output equation (8) becomes
y(k) = Cxu(k) + w(k), (10)

where R1×n ∋ C=
[
1 0 · · · 0

]
, w(k) ∼ N (0, r2).

In this paper, we will be working with the state-space
model (9)-(10) for our analysis. We call (9)-(10) as n-clock
model.
A. Types of Actuators

In this subsection, we briefly discuss about three types of
actuators which are commonly used for clock steering; see
[17] for more details regarding these actuators.
1) Phase Microstepper: It is a device that adds frequency

step, i.e., u(k) = ∆f at each time instant for correcting
the phase of the controlled clock [9]. The input matrix
corresponding to the phase microstepper is given by B =[
τ 0 0 . . . 0

]⊤ ∈ Rn.
2) Breakiron-Koppang Actuator: This actuator was intro-

duced by Breakiron and Koppang for implementing LQG
control for atomic clocks [10], [11]. For this actuator, the
input matrix B is given by B =

[
τ 1 0 . . . 0

]⊤ ∈
Rn. It is mostly used for clock model of order n = 2

with B =
[
τ 1

]⊤.
3) Bang-Bang Actuator: This actuator is used by the bang-

bang steering method that is used for steering the global
positioning system time to UTC [18]. The input matrix
B is taken as B =

[
τ2/2 τ 0 . . . 0

]⊤ ∈ Rn.
Next, we make some observations regarding the controllabil-
ity and stabilizability of the state-space representation (9)-
(10) of the atomic clock for different types of actuators.
Lemma III.1. The n-clock model (9)-(10) such that n ≥ 3
is neither controllable nor stabilizable with input matrices
B =

[
τ 0 0 . . . 0

]⊤, B =
[
τ 1 0 . . . 0

]⊤, and
B =

[
τ2/2 τ 0 . . . 0

]⊤, respectively.
Proof: Due to space constraints, the proof is omitted.

In recent years, among the three types of actuators dis-
cussed above, the one proposed by Breakiron and Koppang
has been extensively used. With this actuator, two clock
steering methods presented in the literature are namely the
LQG control and the PP method [11], [12]. However, as

mentioned in introduction, these two methods are used only
for n-clock model (9)-(10) with n = 2, i.e., the model has
only two states with A(τ) =

[
1 τ
0 1

]
and B =

[
τ 1

]⊤.
By Lemma III.1, it follows that the n-clock model (9)-
(10) with n ≥ 3 and B =

[
τ 1 0 . . . 0

]⊤ ∈ Rn is
uncontrollable as well as not stabilizable. So, the steering
techniques LQG and PP cannot be applied to this model.
Thus, in this work, the main purpose is to propose clock
steering techniques which are applicable to n-clock model
with n = 2 as well as n ≥ 3. In the next two sections, we
propose two new time scale steering approaches for the n-
clock model (9)-(10) with B =

[
τ 1 0 . . . 0

]⊤ based
on output stabilization and frequency deviation regulation.

IV. Steering Via Output Stabilization
The chief purpose of steering a time scale or a clock is to

keep its time deviation and/or frequency deviation closer to
the reference clock and to ensure that the controlled clock
has desirable frequency stability characteristics, evaluated in
terms of the Allan variance/deviation. Motivated by this, we
propose to find a control law that ensures that the output
y(k) in (10) goes to zero as k → ∞.

Note that, in Sections IV and V, the control laws are
obtained in terms of the state vector xu(k). Since the vector
xu(k) is not measurable, it is being replaced by its estimate
x̂u(k). Since the pair (A(τ), C) is observable, an estimate
x̂u(k) of xu(k) is obtained by using a Kalman filter [19].

Initially, to obtain the control law, we neglect the process
noise vu(k) and the measurement noise w(k) present in the
n-clock model (9)-(10), however, they are reintroduced later
in the Kalman filter estimation. Thus, the n-clock model
without process and measurement noises is given by

xu(k + 1) = A(τ)xu(k) +Bu(k),

y(k) = Cxu(k),
(11)

where xu(k) ∈ Rn, u(k) ∈ R, y(k) ∈ R, B =[
τ 1 0 . . . 0

]⊤ is the input matrix, and C =[
1 0 0 . . . 0

]
is the output matrix, respectively. The

state matrix A(τ) is given by

A(τ) = eAτ =


1 τ τ2

2
· · · τn−1

(n−1)!

0 1 τ · · · τn−2

(n−2)!

...
. . .

. . .
...

...
... 1 τ
0 0 · · · · · · 1

 . (12)

With slight abuse of notation, we refer to (11) as the n-clock
model.
The stabilization problem, we consider, is stated as follows:

Problem IV.1. Given the n-clock model (11), find a state
feedback u(k) = Fxu(k) such that y(k) → 0 as k → ∞
for every initial condition xu(0). We refer to this problem as
output stabilization problem (OSP) for atomic clocks.

Before moving ahead, we recall a few terms which will
be used later and are taken from [20] for a linear system.
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◦ We partition the complex plane C = Cg ⊔ Cb, where

Cg = {λ | λ ∈ C, |λ| < 1},
Cb = {λ | λ ∈ C, |λ| ≥ 1},

(13)

and ⊔ represent disjoint union.
Let the minimal polynomial of A(τ) be α(λ), and factor
α(λ) = αg(λ)αb(λ), where the zeros in C of αg (resp.
αb) belong to Cg (resp. Cb). Then we have Rn =
Xg(A(τ))⊕Xb(A(τ)), where Xg(A(τ)) = Kerαg(A(τ)),
Xb(A(τ)) = Kerαb(A(τ)), and ⊕ denotes the direct sum.
It has been shown in [20, Chapter 4], [21] that for a linear

time-invariant system having state, input, and output matrices
as A, B, and C, respectively, the output y(k) goes to zero
as k → ∞ by state feedback u(k) = Fx(k) if and only if
Xb(A+BF ) ⊂ KerC. Note that the n-clock model (11) is a
linear time-invariant system. Thus, y(k) → 0 as k → ∞ by
a state feedback u(k) = Fxu(k) for the n-clock model (11)
if and only if Xb(A(τ) + BF ) ⊂ KerC. Next, we discuss
about the solvability of OSP for atomic clocks.
Theorem IV.2. Consider the n-clock model (11). The OSP
for atomic clocks is solvable.

Proof: Due to space constraints, the proof is omitted.
As a consequence of Theorem IV.2, there exists a feedback

matrix F such that Xb(A(τ)+BF ) ⊂ KerC. Our next goal
is to find such a feedback matrix F . Let the matrix F =[
a1 a2 a3 · · · an

]
where ai, i ∈ [n] are the constants

which are to be selected. We have A(τ) +BF as
1 + a1τ τ(1 + a2) a3τ + τ2

2
· · · anτ + τn−1

(n−1)!

a1 1 + a2 a3 + τ · · · an + τn−2

(n−2)!

...
. . .

. . .
...

...
... 1 τ
0 0 · · · · · · 1

 (14)

Lemma IV.3. Fix the sampling interval τ ∈ R+. Choose
a1 ̸= 0 such that |1 + a1τ | < 1. Choose a2, a3, . . . , an such
that all the entries of the first row of A(τ) + BF in (14)
becomes zero except the first entry 1+ a1τ then Xb(A(τ) +
BF ) ⊂ Ker C, where Ker C = {x ∈ Rn | x1 = 0}.

Proof: Due to space constraints, the proof is omitted.
V. Steering Via Frequency Deviation Regulation

In this section, we seek to find a control law to minimize
the frequency deviation of the controlled clock relative to
the reference clock. To accomplish this goal, we add an
additional expression of a variable z(k) to regularize the
second state of xu(k) in the n-clock model (11). So, the
modified n-clock model is given by

xu(k + 1) = A(τ)xu(k) +Bu(k),

y(k) = Cxu(k),

z(k) = Dxu(k),

(15)

where xu(k) ∈ Rn, u(k) ∈ R, y(k) ∈ R is the directly
measured phase deviation difference between the two clocks,
and z(k) is the variable to be regulated, which is taken as the
difference of frequency deviation of the two clocks in our set-
ting. The matrices A(τ) = eAτ , B =

[
τ 1 0 . . . 0

]⊤,

C =
[
1 0 0 . . . 0

]
, and D =

[
0 1 0 . . . 0

]
∈

R1×n, respectively.
We consider the following regularization problem:

Problem V.1. Given the modified n-clock model (15), find
a state feedback u(k) = Fxu(k) such that z(k) → 0 as
k → ∞ for every initial state xu(0). We refer to this problem
as frequency regulation problem (FRP) for atomic clocks.

Consider a linear time-invariant system whose state, input,
and output matrices are A, B, and C, respectively. Let
z(k) = Dx(k) is the variable to be regulated. Then, it is
shown in [20, Chapter 6] that z(k) → 0 as k → ∞ by a state
feedback u(k) = Fx(k) if and only if η(A,C) ⊂ KerF and
Xb(A + BF ) ⊂ KerD, where η(A,C) is the unobservable
subspace of the pair (A,C). The modified n-clock model
(15) is a linear time-invariant system containing an additional
variable z(k) which is to be regulated. Thus, z(k) → 0 as
k → ∞ by a state feedback u(k) = Fxu(k) if and only if
η(A(τ),C) ⊂ KerF and Xb(A(τ) + BF ) ⊂ KerD, where
η(A(τ),C) is the unobservable subspace of (A(τ), C). Next,
we discuss about the solvability of FRP for atomic clocks.
Theorem V.2. Consider the modified n-clock model (15).
The FRP for atomic clocks is solvable.

Proof: Due to space constraints, the proof is omitted.
Theorem V.2 confirms the existence of a feedback matrix

F such that η(A(τ),C) ⊂ KerF and Xb(A(τ) + BF ) ⊂
KerD. Since η(A(τ),C) = {0}, the condition η(A(τ),C) ⊂
KerF is always satisfied. So, our next objective is find
a matrix F such that Xb(A(τ) + BF ) ⊂ KerD. Recall
F =

[
a1 a2 a3 . . . an

]
and the matrix A(τ) + BF

is given in (14).
Lemma V.3. Fix the sampling interval τ ∈ R+. Choose
a2 ̸= 0 such that |1 + a2| < 1. Choose a1, a3, . . . , an such
that all the entries of the second row of A(τ) +BF in (14)
becomes zero except the second entry 1+a2 then Xb(A(τ)+
BF ) ⊂ Ker D, where Ker D = {x ∈ Rn | x2 = 0}.

Proof: Due to space constraints, the proof is omitted.
As mentioned in beginning of Section IV, in the control

law, we use the estimate of xu(k) computed by a Kalman
filter for the n-clock model (9)-(10). Thus, the control law
applied to (9)-(10) is u(k) = Fx̂u(k), where x̂u(k) is the
estimate of xu(k) and F is obtained by using Lemma IV.3
and Lemma V.3, respectively according to the objective.

VI. Simulations
In this section, we consider two examples to showcase the

effectiveness of our results. In both examples, a third-order
atomic clock model containing three states is considered, i.e.,
n = 3. The effectiveness of the proposed clock steering tech-
niques are evaluated in terms of its capability to reduce the
difference of the time deviation and the frequency deviation
between the two clocks and in terms of Allan deviation.

A. Steering a Cesium Clock to a Stable Reference Clock

In the first example, we take the scenario of controlling
a cesium clock versus a reference time scale which has
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Fig. 1: Phase deviation of the cesium clock controlled by steer-
ing via output stabilization (shown in blue dashed line) and via
frequency deviation regulation (shown in red dash-dot line) with
respect to the reference clock.
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Fig. 2: Frequency deviation of the cesium clock controlled by
steering via output stabilization (shown in blue dashed line) and
via frequency deviation regulation (shown in red dash-dot line) with
respect to the reference clock.

higher accuracy and stability performance.1 Let the sampling
interval be τ = 1. Let the clock noise parameters of the
cesium clock be σCs

1 = 3 × 10−9, σCs
2 = 5 × 10−10, and

σCs
3 = 0. We consider the initial state of the cesium clock

as xc(0) =
[
0 10−8 0

]⊤. The reference clock’s standard
deviations are considered ten times lower than that of σCs

1 ,
σCs
2 , σCs

3 and its initial state is xref(0) =
[
0 0 0

]⊤. The
measurement noise parameter is given by r = 1× 10−12.

The two control techniques presented in Section IV and
Section V are applied and compared with each other.
1) Steering via output stabilization: By using Lemma IV.3,

we choose the feedback matrix as F =
[
a1 −1− τ

2

]
,

where a1 can be varied such that a1 ̸= 0 and |1 + a1τ | <
1. The constant a1 is chosen in order to optimize the
control performance. Thus, we choose a1 = −0.5.

2) Steering via frequency deviation regulation: In accor-
dance to Lemma V.3, we take F as F =

[
0 a2 −τ

]
,

where a2 is chosen in a way that a2 ̸= 0 and |1 + a2| < 1.
In our simulation, we take a2 = −0.1.

The plot of phase deviation and frequency deviation of the
controlled cesium clock relative to the reference clock are
depicted in Fig. 1 and Fig. 2, respectively. The Allan
deviation plots of the controlled cesium clock and reference
clock are depicted in Fig. 3.

1Note that by stability we do not mean Lyapunov stability. In the time
and frequency community, stability is judged by Allan deviation [4].
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Fig. 3: Allan deviation of the phase deviations of the reference
clock (shown in green), of the free-running cesium clock (shown in
black), and the cesium clock controlled by steering via output sta-
bilization (shown in blue dashed line) and via frequency deviation
regulation (shown in red dash-dot line).

On the basis of the results obtained, it is clear that steering
via output stabilization is more effective in reducing the time
deviation and the frequency deviation between the reference
clock and the controlled clock. It is also observed from the
Allan deviation plots that, at large values of the averaging
time, the controlled clock’s stability approaches reference
clock’s stability. Thus, among the two techniques proposed,
steering via output stabilization shows better performance.
B. Steering a Hydrogen Maser to Cesium Clock

In this example, we consider steering a hydrogen maser
clock to a reference time scale which is taken as cesium
clock. This case exhibits the example of steering one type
of clock to another type of clock. Let τ = 1. Let the
noise parameters for the hydrogen maser be σHm

1 = 3 ×
10−11, σHm

2 = 1.7 × 10−10, σHm
3 = 1 × 10−19. We take

the initial conditions of the hydrogen maser as xc(0) =[
0 10−9 10−10

]⊤. For the reference cesium clock, the
standard deviations are chosen same as given in subsection
VI-A, i.e., σCs

1 = 3× 10−9, σCs
2 = 5× 10−10, and σCs

3 = 0

and its initial state is
[
0 0 0

]⊤. Let r = 1× 10−12.
1) Steering via output stabilization: Again, in accordance

to Lemma IV.3, we chose feedback matrix F =[
a1 −1 − τ

2

]
, where a1 ̸= 0 and |1 + a1τ | < 1.

For our simulation, we vary a1 to obtain good control
performance. In this way, we choose a1 = −0.1.

2) Steering via frequency deviation regulation: As men-
tioned in the Subsection VI-A, we choose feedback matrix
as F =

[
0 a2 −τ

]
, where a2 is chosen in a way that

|1 + a2| < 1. We take a2 = −0.5 in our simulation.
The phase deviation and frequency deviation plots of the
controlled hydrogen maser relative the reference cesium
clock are depicted in Fig. 4 and Fig. 5, respectively. The
Allan deviation plot is shown in Fig. 6.

From Fig. 6, it is evident that the reference cesium
clock has better long-term stability while the free-running
hydrogen maser has better short-term stability. The results
show that steering via output stabilization gives better results
as compared to steering via frequency deviation regulation in
terms of reducing the difference between the time deviation
and the frequency deviation of the two clocks. The Allan de-
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Fig. 4: Phase deviation of the hydrogen maser clock controlled
by steering via output stabilization (shown in blue dashed line) and
via frequency deviation regulation (shown in red dash-dot line) with
respect to the reference cesium clock.
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Fig. 5: Frequency deviation of the hydrogen maser clock controlled
by steering via output stabilization (shown in blue dashed line) and
via frequency deviation regulation (shown in red dash-dot line) with
respect to the reference cesium clock.

viation plots show that proposed control techniques degrade
the short-term stability of the controlled hydrogen maser, but
its stability follows the reference cesium clock’s stability for
medium and large values of averaging time.

VII. Concluding Remarks
In this paper, we proposed two clock steering techniques,

namely steering via output stabilization and steering via
frequency deviation regulation. We see that the first technique
is quite effective in reducing both the time deviation and
the frequency deviation of the controlled clock relative to
the reference clock in most common simulation cases. The
techniques developed are also effective in improving the
long-term stability of the controlled clock with reference to
minimizing the Allan deviation. Lastly, we want to mention
that the feedback matrices that we obtained by using Lemma
IV.3 and Lemma V.3 are quite restrictive since we can only
vary one parameter with some constraints whereas the rest of
the parameters are fixed. It may be possible to obtain better
Allan deviation plots of the controlled clock when there is
some more flexibility in choosing the feedback matrices,
which is considered as a natural future research direction.

References
[1] P. Tavella, “Statistical and mathematical tools for atomic clocks,”

Metrologia, vol. 45, no. 6, pp. S183–S192, 2008.
[2] C. Trainotti, T. Schmidt, and J. Furthner, “Simulating the realization

of a mixed clock ensemble,” in 2019 Joint Conference of the IEEE
International Frequency Control Symposium and European Frequency
and Time Forum (EFTF/IFC), 2019, pp. 1–11.

100 101 102 103 104

Averaging time [s]

10
-12

10-11

10-10

10-9

10-8

10-7

10-6

A
ll
a

n
 d

e
v

ia
ti

o
n

Cesium Reference clock
H maser clock
S-OS
S-FDR

Fig. 6: Allan deviation of the phase deviations of the reference
cesium clock (shown in green), of the free-running hydrogen maser
(shown in black), and the hydrogen maser clock controlled by
steering via output stabilization (shown in blue dashed line) and
via frequency deviation regulation (shown in red dash-dot line).

[3] P. Whibberley, J. Davis, and S. Shemar, “Local representations of UTC
in national laboratories,” Metrologia, vol. 48, no. 4, pp. S154–S164,
2011.

[4] D. Allan, “Statistics of atomic frequency standards,” Proceedings of
the IEEE, vol. 54, no. 2, pp. 221–230, 1966.

[5] T. Ishizaki, T. Ichimura, T. Kawaguchi, Y. Yano, and Y. Hanado,
“Higher-order allan variance for atomic clocks of arbitrary order:
mathematical foundation,” Metrologia, vol. 61, no. 1, p. 015003, 2023.

[6] L. Bernier and G. Dudle, “Practical performance of the UTC(CH.R)
real time realization of UTC(CH) and prospects for improvement,” in
2004 18th European Frequency and Time Forum, 2004, pp. 170–174.

[7] L. Bernier, “A prediction method applicable to steered timescales,” in
Proceedings of the European Time and Frequency Forum, 2005, pp.
74–78.

[8] P. Tavella and C. Thomas, “Comparative study of time scale algo-
rithms,” Metrologia, vol. 28, no. 2, pp. 57–63, 1991.

[9] M. Farina, S. Bittanti, P. Tavella, and L. Galleani, “Control of clock
signals,” Journal of the Franklin Institute, vol. 346, no. 5, pp. 449–469,
2009.

[10] L. Breakiron and P. Koppang, “Frequency steering of hydrogen
masers,” in Proceedings of 1996 IEEE International Frequency Con-
trol Symposium, 1996, pp. 1113–1122.

[11] P. Koppang and R. Leland, “Linear quadratic stochastic control of
atomic hydrogen masers,” IEEE Transactions on Ultrasonics, Ferro-
electrics, and Frequency Control, vol. 46, no. 3, pp. 517–522, 1999.
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