
Two Layer Model Reference Adaptive Control based on State Feedback for 

Engine Slipping Start of Parallel Hybrid Electric Vehicles 

Cheng Peng, Li Chen* 

* State Key Laboratory of Ocean Engineering of Shanghai Jiao tong University, Shanghai, 200240, 

China (email: li.h.chen@sjtu.edu.cn). 

Abstract: During engine slipping start (ESS) of parallel hybrid electric vehicles (HEV) with a dual-clutch 

transmission, the motor needs to propel the vehicle and crank the engine via the slipping clutch 

simultaneously. However, a lack of capability to respond to changes in driver demand can disturb normal 

driving habits. Meanwhile, parametric uncertainty of the clutch friction coefficient makes it hard to 

compensate for the clutch slipping torque. To guarantee response speed to changes in driver demand torque, 

a two-layer model reference adaptive controller (MRAC) is proposed for ESS utilizing state varialbes as 

the feedback. Under this framework, appropriate reference profiles can be generated according to the real-

time driver demand torque rather than assuming that the accelerator pedal is unchanged. An auxiliary 

reference model is introduced in addition to the major reference model to modify the convergence rate of 

the tracking error without changing the well-designed reference profiles, and adaptive control laws are 

accordingly developed to enhance the transient performance against matched parameter uncertainty of 

clutch and unmatched measurement noise. 

Keywords: Engine slipping start, hybrid electric vehicle, two-layer model reference adaptive control, 

transient performance, riding comfort 

1. INTRODUCTION 

With the increasing demand for energy efficiency and 

emission, hybrid electric vehicles (HEVs) have gained 

worldwide popularity due to their enhancements on energy-

saving and low-emission while meeting the mileage 

requirements (Biswas et al., 2021). Among different 

configurations, the parallel HEV with a dual-clutch 

transmission (DCT), which benefits from shifting without 

power interruption, has attracted extensive interest in the 

automotive industry (Kim and Choi, 2020). As seen in Fig. 1, 

the configuration allows the driving motor to crank the engine 

quickly by large torque transmitted through the slipping 

clutches, so that the traditional engine starter can be removed. 

However, the cranking operation, which is also called engine 

slipping start (ESS), is usually required when the HEV is 

running, for example, during the mode transition from the 

motor driving (MD) mode to combined driving (CD) mode, 

which is so-called engine slipping start (ESS). The torque and 

speed profile during this process are described in Fig. 2. Since 

the motor is connected to the output shaft directly, unexpected 

vehicle jerk and sluggish response speed to the changes in 

driver demand can be caused by the unreasonable distribution 

of motor torque, then, both the riding comfort and vehicle 

drivability has been deteriorated. Hence, a control strategy for 

ESS should be designed to guarantee the riding comfort and 

the response speed to changes in driver demand torque. 

Most of the existing studies on the ESS issue focused merely 

on the riding comfort but neglected the possibility that driver 

changes the accelerator pedal just during this process. Constant 

vehicle speed or acceleration are generally chosen as the 

reference input for the design of the ESS controller. Mu-
synthesis robust control and feedforward-linear quadratic 

regulator feedback technology were developed to improve the 
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Fig. 1 Configuration of a parallel HEV equipped with a 

DCT. 
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Fig. 2 ESS in the mode transition from MD mode to CD 

mode. 
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tracking accuracy against system uncertainties in (Zhang et al., 

2016) and (Du et al., 2017), respectively. To reduce the vehicle 

jerk, linear quadratic regulator-based closed-loop control was 

adopted in (Zhou et al., 2020). However, with such reference 

profiles, the motor would not respond to the changes of the 

driver demand torque during the ESS. The normal driving 

habits are disturbed, leading to deterioration in drivability and 

resulting in potential safety hazards. 

On the other hand, instead of tackling the ESS as a tracking 

problem, some studies use the sum of driver demand torque 

and clutch slipping torque as the motor torque demand directly 

(Yang et al., 2020; Cong et al., 2021). However, the 

parametric uncertainties of the clutch friction coefficient make 

it hard to obtain accurate clutch slipping torque. 

In this paper, a two-layer MRAC with transient performance 

enhancement is proposed based on state feedback to guarantee 

the riding comfort and response speed to changes in driver 

demand torque of ESS. Different from the classical MRAC 

(Peng et al., 2018), by introducing an auxiliary reference 

model, the two-layer MRAC can increase the convergence rate 

of tracking error between the plant and the major reference 

model without changing the desired dynamics of the major 

reference model (Anderson et al., 2021). Taking the dynamics 

of the output shaft as the major reference model, an appropriate 

reference speed profile generated according to the driver 

demand torque can be obtained in real-time. Considering the 

parametric uncertainty of clutch friction coefficient and 

unmodeled uncertainties, i.e., measurement noise, adaptive 

control laws for the motor torque are generated. The transient 

performance with high adaptive gains is enhanced. The 

effectiveness of the designed controller is verified by 

simulation. 

This paper is organized as follows. Section 2 builds 

mathematical models for the driveline. Section 3 derives the 

control law of the two-layer MRAC. Section 4 provides the 

simulation results. Conclusions are drawn in section 5. 

2. DRIVELINE MODELING 

As seen in Fig. 1, the driveline of HEV with DCT is composed 

of an engine, a motor, and a six-speed hydraulic DCT.  

2.1 Driveline model of HEV with DCT 

The simplified model is established in Fig. 3 for ease of 

analysis on driveline dynamics. As seen in Fig. 3, 
eJ , 

tmJ , 
vJ  

are the inertia moment of engine, motor, and vehicle body, 

respectively; 
eT , 

tmT  , 
,1cT , 

,2cT , and 
rT  are the engine output 

torque, motor output torque, and clutch transmitted torque of 

clutch 1 and clutch 2, and the vehicle load torque, respectively; 

e , 
tm , and 

w  are the angular speed of the clutch disks of 

the engine side and motor side, and wheels, respectively; 
sk  

and 
sb  are the spring stiffness and damping coefficient of the 

output shaft; 
eb  and 

tmb  are the damping coefficients of the 

engine and motor, respectively; ,1ti , ,2ti , and fi  are the gear 

ratio of transfer shaft 1, shaft 2 of DCT, and final reduction, 

respectively. 
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Fig. 3 Simplified driveline model of HEV with DCT. 

It is noted that both of the shifting clutches can be assisted to 

drag the crankshaft, but in a single ESS, only one of them is 

actuated, while the other one is open. For unified description, 

the transmitted clutch torque is represented by 
cT  instead of 

,1cT  and 
,2cT  no matter the working clutch is clutch 1 or clutch 

2. Similarly, the relative gear ratio is represented by 
ti  instead 

of 
,1ti  and 

,2ti . Therefore, universal governing equations are 

derived to describe the dynamics of the HEV driveline as 

        e e e c e eJ t T t T t b t    ,  (1) 

          
1

tm tm tm c s tm tm

t f

J t T t T t T t b t
i i

     ,  (2) 

      v w s rJ t T t T t     (3) 

where 
sT  is the shaft torque of the driveline expressed as 

          
1 1

s s tm w s tm w

t f t f

T t k t t b t t
i i i i

   
   

      
   
   

, (4) 

tm  and 
w  are angular displacement of motor and wheels. 

The vehicle load torque 
rT  is composed of the wind, gravity, 

and rolling resistance (Chen et al., 2012), which can be 

expressed as  

 21
sin cos

2
r D V air r rT R c A v mg f mg  

 
    

 
  (5) 

where 
Dc  is the aerodynamic drag coefficient, 

VA  is the 

vehicle frontal area, 
air  is the air density, v  is the vehicle 

speed,   is the road inclination angle, m  is the vehicle mass, 

f  is the rolling resistance coefficient, and R  is the tire radius. 

To better describe the process of ESS, it is divided into three 

phases, i.e., engine cranking phase, clutch disengaging phase, 

and engine firing and accelerating phase, as seen in Fig. 2. 

2.2 Modelling of torque actuation components 

2.2.1 Engine and motor output torque modeling 

Considering the response delay, the engine output torque after 

ignition can be modeled by a first-order lag module 

empirically as 

    *1

1
e e

e

T t T t
s


 

  (6) 
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where *

eT  is the torque command of the engine, 
e  is the time 

constant of the first-order transfer function of the engine. 

Considering the rapid response and high accuracy, the output 

torque of the motor is modeled without time delay as  

    *

tm tmT t T t   (7) 

where *

tmT  is the torque command of the motor. 

2.2.2 Clutch transmitted torque modeling 

The clutch slipping torque 
cT  is expressed according to the 

Coulomb friction model as 

    ( ) sgnc c c c c c tm eT t P t A N R        (8) 

where 
c  is the friction coefficient of the clutch disk, 

cP  is 

the effective pressure on the clutch disks, 
cN  is the number of 

clutch surface, and 
cR  is the effective radius of clutch disk. 

The sign function  sgn   is defined as  
1 0

sgn
1 0

x
x

x

 
 

 
. 

2.3 State-space system representation 

Since the engine is disengaged from the driveline during ESS, 

the dynamics of the output shaft are determined by motor 

torque and clutch slipping torque. By denoting system state 

variables as  , ,
T

tm w sx T  , control input as 
tm cu T T  , and 

disturbance input as d ru T , the state-space representation of 

dynamics of the output shaft is derived according to (1) and (2) 

for controller design as 

        d dx t Ax t Bu t B u t     (9) 

where  
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  (10) 

3. CONTROL STRATEGY DESIGN 

The scheme of the proposed two-layer MRAC based on state 

feedback is presented in Fig. 4. By introducing an auxiliary 

reference model, the adjustable mechanism tunes the adaptive 

feedback control law according to the tracking error of state 

variables between the control plant and the major reference 

model together with deviation between the tracking error and 

state variables of the auxiliary reference model.  
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Fig. 4 Scheme of two-layer MRAC based on state feedback 

3.1 Reference model 

3.1.1 Major reference model 

Since the vehicle is in MD mode before the ESS, the driveline 

dynamics during MD mode is selected for the development of 

the major reference model, so that the driveline dynamics of 

ESS can behave as that of the MD mode and the driving sense 

can be kept. By choosing the reference signals as 

, , ,, ,
T

r tm r w r s rx T     , reference input as cmdr T , and 

disturbance input as d ru T , the reference model can be 

written as 

        ,r r d d rx t Ax t Br t B u t     (11) 

where cmdT  is the driver demand torque, 
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  (12) 

3.1.2 Auxiliary reference model 

An auxiliary reference model is introduced to the MRAC 

system in addition to the major reference model. As the 

convergence of the tracking error with respect to the reference 

model is subject to the properties of A , which is defined by 

vehicle parameters, the auxiliary reference model can modify 

the behavior of the tracking trajectory and enhance the 

transient performance. Denoting trajectory as te , the auxiliary 

reference model that predefines the tracking error’s transient 

dynamics is obtained as 

    t t te t Ae t   (13) 

where tA  is Hurwitz, and      max minRe RetA A  .  
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3.2 Error dynamics 

To design a torque control to make the driveline dynamics (9) 

behave like the reference model (11), define the model-

following error as 

      re t x t x t  .  (14) 

Assuming that the nominal vehicle resistance torque is reliable, 

using (9) and (11) yields 

           tm cmd ce t Ae t B T t T t T t    .  (15) 

Considering the auxiliary reference model, the deviation   of 

tracking error e  with respect to te  is defined as 

      tt e t e t   .  (16) 

Therefore, the dynamics of   is derived according to (13), 

(15), and (16) as 

               t t tm cmd ct A t A A e t B T t T t T t       .  (17) 

3.3 Adaptive control law development 

Considering the parametric uncertainty of clutch friction 

coefficient, the control law of motor torque tmT  is designed as  

            , ,1tm cmd c c n e n eT t T t K T t K e t K e t       (18) 

where  ,c nT t  is nominal clutch slipping torque, cK  is the 

unknown part of clutch friction coefficient, 
,e nK  and eK  are 

the known part and unknown part of feedback gain of  e t , 

respectively. Wherein there exists ,

T

t e nA A BK  . 

Since feedback gains cK  and eK  are unknown, the adaptive 

law for ˆ
cK  and ˆ

eK  are given as 

      ,
ˆ T

c c c n tK t T t t PB  ,  (19) 

      ˆ T

e e tK t e t t PB    (20) 

where c  and e  are positive adaptive learning gains, tP  is 

the symmetric, positive-definite solution of the algebraic 

Lyapunov equation 

 0 T

t t t t tA P P A Q     (21) 

and tQ  is also symmetric and positive-definite.  

3.4 Stability analysis  

To prove the stability of the proposed two-layer MRAC, 

consider the Lyapunov function candidate as 

    1ˆ ˆ, , , trT T

c e tV t K K P K K        (22) 

where  

 
       , , blockdiag , ,

ˆ ˆ, .

c e c e

c c c e e e

K t K t K t

K K K K K K

     

 
  (23) 

According to (17), the time derivative of (22) with respect to 

time is presented as (24)assuming that the unknown part in 

feedback gains are slowly varying, i.e., , 0c eK K  . 

     

   

1

,

1

ˆ ˆ ˆ, , , 2tr 2tr

ˆ2tr 2tr .

T T T T

c e t c c c c n

T T T

e e e

V t K K Q K K K T PB

K K K e PB

   







    

  

 (24) 

Applying the adaptive laws (19) and (20), it holds that  

  ˆ ˆ, , , T

c e tV t K K Q    .  (25) 

Since tQ  is chosen to be symmetric and positive-definite, 

 ˆ ˆ, , ,c eV t K K  is non-positive definite. Therefore, the closed-

loop system is uniformly Lyapunov stable and hence, 

     ˆ ˆ, ,c et K t K t  are uniformly bounded. 

Since A  is Hurwitz and  r t , namely  cmdT t , is bounded, it 

follows from (11) and (12) that both  rx t  and  x t  are 

bounded. Since  te t  is uniformly bounded, according to (16), 

 e t  is bounded. Hence,      rx t e t x t   is bounded. 

Moreover, since 
,c nT  is bounded, it follows from (18), , and  

that  u t  is bounded and hence, it follows from (9) and (10) 

that  x t  is bounded. Therefore,      re t x t x t   is bounded. 

Since  te t  is bounded,      tt e t e t    is bounded. In 

addition,       ˆ ˆ, , ,c eV t t K t K t     2 T

tt Q t   is bounded. 

Consequently,       ˆ ˆ, , ,c eV t t K t K t  is uniformly continuous 

according to (Ioannou and Sun, 1995). Hence, it follows from 

Barbalat’s lemma that the closed-loop trajectory tracking error 

 t  is uniformly convergent to zero. 

Moreover, it follows from the triangle inequality that  

      tt e t e t   .  (26) 

Since  te t  is uniformly bounded and convergent to zero,  e t  

is uniformly bounded and convergent to zero. 

3.5 Convergence rate analysis 

According to (Boyd, 1994), the convergence rate of  x   is 

defined as 

   
 

max

0

log
supliminf

t

x t
x

t t






.  (27) 

According to (Kågström, 1977), in the classical MRAC, it 

holds that      max maxRee A     and there exist 

 1 2, 1, 0,1     such that 
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   ,  (28) 
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sup
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e t x x e u t
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   .  (29) 

Considering the proposed two-layer MRAC, since 

     te t t e t  , there exist  1 2, 1, 0,1     such that 

      maxlim Re 0t tt A  

   ,  (30) 
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.  (31) 

Therefore, since 

  0

0

log 1
lim 0

t t

t

ke

t t

 







 for all 0k  , 0  , 

and     maxlim Ret tt A   , it follows from (31) that 

     max maxRe te A    . In addition, as 

     max minRe RetA A  , the convergence rate of the 

tracking error satisfies the condition that 

     max maxRe te A         min maxRe Re 0A A      . 

4. RESULTS AND DISCUSSION 

In this section, simulations using MATLAB/Simulink are 

carried out. focusing on the ESS issue, the transient 

performance of the proposed two-layer MRAC against 

uncertain clutch slipping torque and measurement noise is 

compared to that of the classical MRAC under the driving 

scenario that the driver demand torque abruptly changes. The 

faster convergence rate of the proposed method as stated in 

Section 3.4 is demonstrated.  

The vehicle jerk represents the riding comfort of the ESS 

(Huang and Wang, 2004). It is defined as the derivative of the 

vehicle acceleration. The mathematical expression is written 

as  

 
2

2

d d d( / )

d d d

s r va v T T J
jerk R

t t t


   .  (32) 

It is noted that when the driver pushes the accelerator pedal, 

there is an expected jerk which represents the output power to 

the wheels increases, therefore the vehicle acceleration 

becomes higher. If there is no expected jerk after the 

accelerator pedal is deepened, the driver may render that the 

pedal is not deep enough and continue to push the pedal, which 

can result in safety incidents. 

With the reference model described in (11), the control input 

tmT  is given by classical MRAC (Ioannou and Sun, 1995) as  

        , , ,
ˆ

tm cmd c n c c c nT t T t T t K T t     (33) 

where  

      , , ,
ˆ T

c c c c c n cK t T t e t P B    (34) 

 0 T

c c cA P P A Q     (35) 

and ,c cP Q  are symmetric and positive-definite. 

The values of adaptive gain selected for the proposed two-

layer MRAC and the classical MRAC are shown in Table I. 

Much larger adaptive gains can be adopted for the modified 

control laws of two-layer MRAC compared to those of the 

classical MRAC to show the enhancement of transient 

performance. 

Table I Assigned uncertainty and measurement noise 

 for simulations 

Two-layer MRAC Classical MRAC 

c  e  ,c c  

50 50 0.1 

 
In the simulations, the ESS starts at 2.80 s, and the driver 

demand torque is assumed to increase gradually from 100 Nm 

to 150 Nm at 3.20 s which is just during ESS as seen in Fig. 5 

(i)-(ii).A. The assigned uncertainty in the friction coefficient 

of the clutch is -30 %. In addition, the motor speed tm  and 

vehicle speed are corrupted by measurement noise, namely a 

Gaussian white noise characterized by a frequency of 100 Hz 

and range of ±1 rad/s. 
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(i) Two-layer MRAC 

( c = 50, e = 50) 

(ii) Classical MRAC 

(
,c c = 0.1) 

Fig. 5 Comparison between the proposed two-layer MRAC 

and classical MRAC. 

As seen in Fig. 5 (i)-(ii).B, the value of actual clutch slipping 

torque is smaller than that of the nominal one. As seen in Fig. 

5 (i)-(ii).C, guided by the reference profiles generated 

according to real-time driver demand torque online, both the 

proposed two-layer MRAC and classical MRAC can respond 

rapidly to the real-time driver demand torque at 3.20 s. 

As stated in Section 3.4, the convergence rate of the two-layer 

MRAC is higher than that of the classical MRAC. As seen in 

Fig. 5 (i).E, with the two-layer MRAC, the motor speed shows 

good tracking performance to the major reference profiles and 

the tracking error converges to zero quickly against the 

uncertainty and noise. Meanwhile, there is no obvious 

fluctuation in motor torque as seen in Fig. 5 (i).B. Therefore, 

there is no obvious vehicle jerk according to (32), except the 

expected jerk which is caused by the changes in driver demand 

torque during 3.20-3.75 s. The results show that the 

compensation for clutch slipping torque is rapid and accurate. 

The transient performance of the two-layer MRAC is hence 

validated. In contrast, there are high-frequency fluctuations in 

motor torque with classical MRAC, resulting in obvious jerk 

over 20 m/s3 during the whole ESS process. Even though the 

classical MRAC system is stable, the transient performance 

deteriorates and the riding comfort is unsatisfactory.  

5. CONCLUSIONS 

In this paper, a novel two-layer MRAC based on state feedback 

is proposed for the ESS which can satisfy the driver’s demand 

torque and show good transient performance despite the 

parametric uncertainty in clutch and measurement noise. An 

auxiliary reference model is introduced to the MRAC system 

in addition to the major reference model to modify the 

convergence rate without changing the reference profiles, 

which is generated according to the real-time driver demand 

torque. The enhancement on the transient performance of the 

proposed two-layer MRAC is validated by the comparison to 

the classical MRAC with large adaptive gains. Considering the 

shaft torque, which is one of the state variables, cannot be 

measured directly in production vehicles, the controller is 

required to be modified in the future work.    
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